GENERIC REPRESENTATIONS, OPEN PARAMETERS AND
ABV-PACKETS FOR p-ADIC GROUPS
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ABsTRACT. If 7 is a representation of a p-adic group G(F), and ¢ is its
Langlands parameter, can we use the moduli space of Langlands parameters to
find a geometric property of ¢ that will detect when 7 is generic? In this paper
we show that if G is classical or if we assume the Kazhdan-Lusztig hypothesis
for G, then the answer is yes, and the property is that the orbit of ¢ is open.
We also propose an adaptation of Shahidi’s enhanced genericity conjecture to
ABV-packets: for every Langlands parameter ¢ for a p-adic group G(F), the
ABV-packet HQBV(G) contains a generic representation if and only if the local
adjoint L-function L(s, ¢, Ad) is regular at s = 1, and show that this condition
is equivalent to the "open parameter" condition above. We show that this
genericity conjecture for ABV-packets follows from other standard conjectures
and we verify its validity with the same conditions on G. We show that, in
this case, the ABV-packet for ¢ coincides with its L-packet. Finally, we prove
Vogan’s conjecture on A-packets for tempered parameters.

1. INTRODUCTION

In his talk at the May 2021 workshop on the Relative Trace Formula at the Centre
International de Rencontres Mathématiques (CIRM), Freydoon Shahidi proposed
the following enhanced genericity conjecture for quasi-split classical groups G over
a local field F:

An A-packet I1,(G) contains a generic representation if and only
if ¥ is tempered.

Shahidi’s enhanced genericity conjecture is a generalization of his generic packet
conjecture | , Conjecture 9.4] which predicts that, for any quasi-split con-
nected reductive algebraic group G over a local field F', every L-packet of tempered
representations of G(F') should contain a generic representation. Shahidi’s con-
jectures are related to the conjecture of Gross & Prasad | , Conjecture 2.6]
and Rallis: for any connected reductive algebraic group G over a local field F', an
L-packet I14(G) contains a generic representation of G(F) if and only if L(s, ¢, Ad)
is holomorphic at s = 1.

A purely geometric construction of A-packets for p-adic groups was proposed
in | | and expanded upon in | |, as we now recall, briefly. Given a
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Langlands parameter ¢ of G, the ABV-packet H’;BV(G) of ¢ is constructed using
microlocal vanishing cycles of perverse sheaves on the orbit of ¢ in the Vogan
variety. Tt is known that IT4(G) C T (G). Vogan’s conjecture on A-packets
predicts that T’ (G) = Ty(G) if ¢ is a local Arther parameter and ¢ is the L-
parameter associated with v; see | | and | , Conjecture 1. Section
8.2]. Thus, the concept of ABV-packets can be viewed as a generalization of both
L-packets and A-packets. It is then natural to consider the ABV-packet version of
the above Shahidi’s enhanced conjecture. This paper largely concerns the following
claim as it pertains to p-adic groups.

Conjecture 1.1. Let G be a quasisplit connected reductive group over a local field
F and let ¢ be a Langlands parameter for G. The ABV-packet I1;™(G) contains a
generic representation if and only if L(s, ¢, Ad) is reqular at s = 1.

In Section 3.2 we briefly recall the definition of the ABV-packet IT;™ (G) for p-adic

fields F from | ] and | |; for groups over Archimedian fields F', we refer
the reader to | | and | | for the definition of TI3™ (G).

1.1. Main results. For the remainder of this paper, F' is a p-adic field and G is a
connected reductive algebraic group, quasisplit over F.

Proposition 1.2. Shahidi’s enhanced genericity conjecture follow from Congjec-
ture 1.1 if we admit Vogan’s conjecture on A-packets | ].

Vogan’s conjecture is proved for general linear groups in [CR], drawing on | |
In this paper we prove Vogan’s conjecture for tempered Langlands parameters, in
Corollary 4.2.

Proposition 1.3. If G is a quasi-split classical group over a p-adic field, then
Conjecture 1.1 is true.

Theorem 1.4. Let G be a quasi-split connected reductive group. Assume the Local
Langlands Correspondence in the form reviewed in Section 2, | , Conjecture
2.6] and also the p-adic analogue of the Kazhdan-Lusztig hypothesis. Then Congjec-
ture 1.1 is true.

The p-adic analogue of the Kazhdan-Lusztig hypothesis was introduced in | |
for G = GL,; we recall the general statement in Section 3.3. It seems to be
commonly accepted that the p-adic analogue of the Kazhdan-Lusztig hypothesis
is a theorem by | , §8]; if the reader takes this point of view, then our proof
of Conjecture 1.1 is unconditional. We exercise caution on this point, however,
because we feel that it is perhaps more accurate to say that | , §8] provides a
proof of the p-adic analogue of the Kazhdan-Lusztig hypothesis for representations
with Iwahori-fixed vectors, or more generally, for representations 7 for which the
Hecke algebra of the inertial class of 7 is an affine Hecke algebra. It is also proven
in a recent pre-print of | , Theorem E, (b) and (c)]. Alternatively, Lusztig has
suggested to us that the p-adic analogue of the Kazhdan-Lusztig hypothesis for
unipotent representations is a consequence of | , Corollary 10.7]. This would
give a proof of Conjecture 1.1 for unipotent representations.

In this paper we also show that the definition of the ABV-packet IT"(G(F))
given in | , Definition 1] is independent of the choice of a Whittaker datum
in the local Langlands correspondence, assuming the desiderata of Section 2.
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This paper is organized as follows. In Section 2 we give the necessary context
for the Local Langlands Correspondence. In Section 3, we recall the definitions of
Vogan varieties and prove some useful geometric lemmas regarding the dimension of
the conormal bundle and how the closed orbit in V) is dual to the open orbit in VY,
and vice-versa (Proposition 3.2). In Subsection 3.3, we state the Kazhdan-Lusztig
conjecture in the form needed. In Section 3.4 we explain some geometric conse-
quences of the Kazhdan-Lusztig conjecture and of the local Langlands Desiderata
of Section 2. In Section 4, we prove that tempered Langlands parameters are open
and of Arthur-type in Proposition 4.1 using Proposition 3.2. We further prove that
generic Langlands parameters are open in Theorem 4.9, and relate it to the regu-
larity of the adjoint L-function at s = 1. In Section 5, we give our main results, a
geometric interpretation of generic representations in ABV-packets and prove the
Enhanced Genericity conjecture of Shahidi, assuming both the Kazhdan-Lusztig
hypothesis, the local Langlands correspondence desiderata and the fact that ABV-
packets contain A-packets. In Section 6, we give a more elementary proof of the
fact that discrete and tempered representations have open Langlands parameters
for split classical groups or any of their pure inner forms. The proof only relies on
the well-known description of such parameters and basic linear algebra. Further,
our proof implies that induction preserve the openness of a Langlands parameter,
and more generally that if a Langlands parameter factoring through some subgroup
of LG is open for that subgroup, it remains open after embedding it in “G.

1.2. Related work. We introduced the terminology "open Langlands parameter"
in | ].

Referring to | | and also an early draft of this paper, Solleveld conjectured
that generic Langlands parameters are open | , Conjecture B]. Our work in this
paper proves | , Conjecture B] for quasisplit classical groups and their pure

inner forms; we also show that this conjecture follows from the p-adic Kazhdan-
Lusztig hypothesis, for all connected reductive groups. In the same paper, Solleveld
also assumes that discrete (resp. tempered) parameters are open; see the paragraph
below | , Conjecture C]. Our work verifies this assumption for quasisplit clas-
sical groups and their pure inner forms (resp. all connected reductive groups).

F. Shahidi’s original conjecture | , Conjecture 9.4] states that if ¢ is a
tempered L-parameter, then the L-packet II4(G) contains a generic representation.
This conjecture has been checked for many cases by various authors, such as
[ , ]; see | , , , ] for relatively complete references.
Since a tempered parameter ¢ indeed comes from an Arthur parameter ¢ with
¢ = ¢y and one has II4(G) = II,(G), the enhanced Shahidi’s conjecture, see

Conjecture 5.1, is indeed a generalization of | , Conjecture 9.4]. The enhanced
conjecture, has been checked under an assumption in | ], and for split SOgp41
and Sp,,, over p-adic fields unconditionally in | , |
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2. LOCAL LANGLANDS CORRESPONDENCE: DESIDERATA

Let F' be a non-archimedean local field and G be a quasi-split reductive group
over F'. In this section, we review very briefly certain basic desiderata of local
Langlands correspondences in a form proposed by Vogan [Vog93]. Our exposition
mainly follows [GGP12, Section 9] and [I{all3, Section 4].

Let LG = G x W be the L-group of G. Recall that a local Langlands parameter
¢ is a continuous homomorphism ¢ : W}, :=Wr x SLy(C) — LG such that ¢(Fr)
is semi-simple, ¢|sr,,(c) is algebraic and ¢ commutes with the projection of Wr x
SL2(C) — Wr and X*G — Wg. Giving a local Langlands parameter ¢ is amount to
giving a Weil-Deligne representation of Wr, namely, a pair (A, N), where A : Wp —
LG is a group homomorphism which is continuous on Ir with ¢(Fr) semi-simple ,
and commutes with “G' — W, and N € g is a nilpotent element such that

AdA(w)N = |w|N.
This correspondence is given by ¢ — (A, N), where

Ag(w) := @(w, diag(|w['/?, [w] ~1/?)) (1)
is the infinitesimal parameter of ¢ and N = d¢ (). For an argument of such an
equivalence, see [GR10, Proposition 2.2]. Denote by ®(G) the set of equivalence

classes of Langlands parameters of G.
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Let B be a Borel subgroup of G with unipotent radical U. The torus T = B/U
act on Hom(U, C*). Recall the following basic definition.

Definition 1 (Generic character and generic representation). A character 0 :
U(F) — C* is called generic if its stabilizer in T'(F) is the center Z(F') of G(F).
For a generic character 6 of U(F'), a representation = of G(F) is called -generic if
Homy gy (m,0) # 0. This only depends on the T'(F')-orbit of . If § is understood
from the context, we simply say 7 is generic.

The set D of T'(F')-orbits on the generic characters forms a principal homogeneous
space for the abelian group E' = Ty4(F)/Im(T(F)), where Toq(F) is the corre-
sponding maximal torus of the adjoint group Guq(F'). A Whittaker datum for G is
a G(F)-conjugacy classes of pairs (B, #), where B is a Borel subgroup of G and 0 is
a generic character of U(F'), where U is the unipotent radical of B. Such a pair is
a principal homogeneous space for the abelian group E = Goq(F)/Im(G(F)). Tt is
known that E = E’. Thus if we fix a Borel subgroup B, giving a Whittaker datum
(B', ) is equivalent to giving an element in D.

Let GSC be the simply connected cover of G. Let Z (resp. ZSC) be the center of
G (resp. Zsc) For a finite abelian group A, denote by AP the group of characters
of A. By | , Lemma 4.1], there exists a canonical bijection

— (ker(H (Wg, Zs.) — H' (W, Z)))P. (2)
Giving two Whittaker data to and w’, let (to,w’) € E = Guq(F)/G(F) be the
element which conjugates to to w’. By the above bijection (2), by abuse of notation,
we view (10, ') as a character of ker(H (W, Zs.) = H (W, Z)).

Given a Langlands parameter ¢ : Wy x SLy(C) — LG = G x Wi, we view G
as a Wp-module via ¢. Namely, for w € Wg, g € @ we conblder the action of Wg
on G defined by w.g = ¢(w)gp(w )*1. The action of Wr on G induces an action
on GSC and restricts to an action on Gad Note that the action of Wr on A (resp.
on Zsc) induced by any ¢ is compatible with the natural action of Wg on Z (resp.
Zsc) namely the action when we define the L-group ‘G = G Wg, see | |.
Now consider the composition

fHYWp,G) = HYWp,Gag) — H (Wp, Zs.),

where the first map comes from the long exact sequence associated with the short
exact sequence
1—-272—->G—Geqg—1,

and the second map comes from the long exact sequence associated with the short
exact sequence

1—>Zc—>@sc—>§ a— 1L
Note that the composition of H (W, Zs.) — H (W, Z) with f vanishes because
it is the composition

HY(Wr,G) — HYWp,Goa) = H (Wr, 2),
which is part of the long exact sequence associated with the short exact sequence
1—>2—>@—>@ad—>1.
Thus f induces a homomorphism

Cy = HY(Wp,G) — HY (W, Goa) = Ker(H (Wp, Zs.) — H (Wr, Z)).
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Composing with the above homomorphism, the character (to, ') can be viewed as
a character of Cy. It is not hard to see that (w,w’) indeed defines a character of
Ay = mo(Cy), which is trivial on Z(G)T. We denote this character by Mrowor © Ap —
C*. See | , Section 4] for more details.

For § € HY(F, @), let G5 be the pure inner form of G associated with 6. Then
G = G, for 1 € H(F,G). Let II(G5) be the set of equivalence classes of irreducible
smooth representations of Gs(F) and let IIP"(G/F) = [Isc 1 (p,6) IH(G5s)-

We now describe the desiderata of the local Langlands corresponds which is
relevant for our purpose.

(1) There is a finite to one surjective map
I[P (G/F) — ®(G).

For each ¢ € ®(G), let ITJ"°(G/F) C IIP""*(G/F) be the pre-image of ¢,
which is the pure L-packet of ¢. Moreover, the cardinality of II,(G/F) is
|Ag|, where Ay = mo(Z5(9)).

(2) For each Whittaker datum w = 6 € D, there is a bijection

J(0) : IZ"(G/F) — Ay,

which we refer to as a Whittaker normalization. Following | |, we
denote the inverse of J(6) by ty. Moreover, each II4(G) contains at most
one #’-generic representation for each 6’ € D. If I14(G) contains a 6-generic
representation 7, then J(0)(m) is the trivial representation of Ag.

(3) Fix ¢ € ®(G). If w’ = 0" € D is another Whittaker datum, then for any

p € Ay, we have
b (9) = tro (P © g o)

where Ny : 2¢> — C* is the character of A, described above, or as
described in | , Section 4].

(4) All of the irreducible representations 7 of II;(G) have the same central
character, which is denoted by wgs. Gross and Reeder gives a recipe to
determine the central character wg in | |.

Remark 2.1. In the above, the notation J(6) is taken from | , 89|, where
a Whittaker datum is described using an element 6 of D; while ¢, is taken from
[ |, where a Whittaker datum to denotes a G(F')-conjugacy classes of a pair
(B, 0) with a Borel B and a generic character 6 of B. For classical groups, Desider-
ata (1) and (2) above were proved in | , ]. Part (3) of the
above desiderata for tempered parameters of symplectlc groups and special orthog-
onal was proved in | |. For classical groups, the central character wg in (4)
above was explicitly described in | , §10].

3. ABV-PACKETS

3.1. Moduli space of Langlands parameters. In this section, we recall the
definition of the ABV-packet IT;™(G) appearing in Conjecture 1.1.

By an infinitesimal parameter we mean a continuous group homomorphism
A : Wr — LG such that its composition with “G — Wp is the identity. The
associated Vogan variety V) is
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Note that if we fix an element Fr € W such that |Fr|r = ¢~!, then
Va = {z €g’" | Ad\\(Fr))z = ¢ 'z}
We set
Vi=Ve={yeg| Ad\(w)y = [w|"'y, Yw € Wr}.
We use the Killing form for g to define a pairing 7*(Vy) = V) x Vi — Al; this
allows is to identify V" with the dual vector space to V.
Let H) be the centralizer of A in G, so

H:=H),:={g¢€ G | gMw)g™! = MNw), Yw € Wg}.

Then H) acts on Vy and V in g by conjugation and both V) and V" are pre-
homogeneous vector spaces for this action; in particular, there are finitely many
Hy-orbits in V) and V), each with a unique open orbit and a unique closed orbit
by | , Proposition 5.6]

From | , Proposition 4.2], there is a bijection between the set of Lang-
lands parameters with infinitesimal parameter A and the Hy-orbits in V). In-
deed, by construction, each x € Vy (resp. y € V) uniquely determines a Lang-
lands parameter ¢, (resp. ¢,) such that ¢, (w,diag(|w|/2, w|~1/2)) = A(w) (resp.
¢y (w, diag(Jw| =12, [w[!/2)) = Mw)) and ¢x(1,e) = expa (resp. ¢y(1, f) = expy),
where e = (§ 1) (resp. f=(19)). We will write x4 € V) for the point on V) corre-
sponding to ¢ where ¢(w, diag(|w|*/?, |w|~'/2)) = M(w). The Hy-orbit of x4 € Vi
will be denoted by Cj.

For an orbit C, pick any point z € C and denote Ac = m(Zp, (x)), where
Zp, (x) denotes the stabilizer of z in Hy and my denotes the component group.
The isomorphism class of A¢ is independent of the choice of x and is called the
equivariant fundamental group of C. Since C is connected, the choice of x € C
determines an equivalence between the category Rep(A¢) of finite-dimensional (-
adic representations of A¢ and the category Locy (C) of H-equivariant local systems
on C. For a local Langlands parameter ¢ : Wr x SLo(C) — LG, denote A, =
70(Zg(¢)), which is the component group of the centralizer of ¢. A fundamental
fact is A, = Ay, see | , Lemma 4.6.1].

The conormal bundle to V), is

Ay :={(z,y) € VoA x V¥ | [z,y] = 0},
were, [, ] is the Lie bracket in g; see | , Proposition 6.3.1]. Likewise,

ri={(y,z) € Vil x Vi | [z,y] = 0}
may be identified with the conormal bundle to Vy'. We write p : A — V and
q: A — V* for the obvious projections and set Ac:=p~!(C) and A}, :=q (D).

Lemma 3.1. For every Hy-orbit C' in V), dim A¢c = dim Vj,.

Proof. In | , Proposition 6.3.1] we show that A¢, as defined above, is the
conormal bundle to V) above C. Recall that the cotangeant bundle is V) x Vy
so that the conormal bundle to C' C V) at a point z € C is given by Ac, =
T¢ . (Va) is given by {y € T;(Vy)|y(a') = 0, Va’ € T,(C)}. Observe also
that dimA¢ = dimC + dim A¢, for any = € C. Since dim7T,(C) = dimC and
dim T} (Vy) = dim V) = dim V}, it follows that dim Ac, = codim C. Therefore,
dim A¢ = dim C + codim C = dim V). [
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Pyasetskii duality C' — C* defines a bijection between the Hy-orbits in V) and
the Hy-orbits in Vi and is uniquely characterized by the following property: under
the isomorphism Ay — A} defined by (z,y) — (y,x), the closure of A¢ in A is
isomorphic to the closure of Af. in A}. This duality may also be characterized by
passing to the regular conormal variety as follows. Set

AgE=Ac\ | Ac
c'>C
and
ARE = JAEE.
c
Likewise define A" for an Hy-orbit D C V*. Then

reg ~u A *,reg
AE = A%

under the isomorphism Ay = A given above; see [ , Lemma 6.4.2]. Tt
follows that

Cr = Qreg (p;cé (C))a

where preg : A7 =V and greg : A™7°8 — V* are the obvious projections.

Proposition 3.2. The dual to the closed orbit Cy in Vy is the open orbit in Vy
and the dual to the open orbit C° in V) is the closed orbit in V.

Proof. First note that A™8 is open in Ay. By | , Proposition 6.4.3], AS® C
C x C* for every Hy-orbit C C V). Then dim A¢g < dim C' 4 dim C*. It now follows
from Lemma 3.1 that dim C* > codim C. Now take C' = Cj, the closed orbit in V),
for which codim Cy = dim V). Then dim C§j > codim Cy = dim V). Since Cg C V¥,
it follows that dim Cj = dim V5", so Cj an the open Hy-orbit in V), which is unique
since V), is a prehomogeneous vector space. Since orbit duality is an involution, it
follows that the dual to the open orbit C in V), is the closed /trivial orbit in VY. O

In | , Section 7.9] we define a connected Hj-stable open subset A5 C Ay
and in [ , Section 7.10] we define a functor

NEvse : Perp, (Va) — Locy, (A%™),

for every Hy-orbit C' in V. Since A§™ is connected we may pick a base point
(z,y) € A5 and set
Algv =T (A%en7 (l‘, y))’
which allows us to rewrite NEvsc as a functor landing in the category Rep(Ag") of
finite-dimensional (-adic representations of A¢". Since the connected components
of AS™ are the A%™ as C ranges over Hy-orbits in V), we may assemble the
local systems on these components into a local system on A§™ and thus define
NEws) : Perg, (Vi) — Locg, (AS™), or, as a functor landing in Rep(A}"") where
AABV = H AABV-
A c‘ic

If C contains a Langlands parameter which is of Arthur type, there is a charac-
terization of AZ™ and A" that is easier to work with. An element (z,y) € A®
is called strongly regular if the Hy orbit of (z,y) is dense in A¢, where C is the
H)-orbit of z € Vy; see | , Section 6.5]. Denote by A} the set of strongly
regular elements in Ay. Then

sreg gen reg,
ASTeB C ABR C AR
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see [ , Proposition 6.5.1] and [ , Section 7.9]. Again fix an H-orbit
C and set ASreg =AT*®NAc. If C is the orbit of a Langlands parameter of Arthur
type, then A € is non—empty by | , Proposition 6.1.1]. On the other hand,
depending on the orbit C, it is possible that A is empty; see | | for an
example. If A7 is non-empty then we pick (z,y) € AZ®™ and

Ac" = mo(Zm, ((,9)),
where Zy, ((x,y)) denotes the centralizer of (z,y) in Hj.

Given an Arthur parameter v : Wr x SLy(C) x SLy(C) — £G, we can define a
Langlands parameter ¢, by ¢y (w,z) = ¥(w,z, diag(|w|'/?, w|~1/2)). Let A, be
the component group of the centralizer of 1. Then

A»\B\ ~ Aw
by | , Proposition 6.7.1].

3.2. ABV-packets. We shall need to consider the categories Rep,(G?(F)) as &
ranges over pure inner forms for G over F', so we further define
Repy(G/F):= D Rep, (G°(F)),
[SleH! (F.G)

where the sum is actually taken over a set of representatives for H!(F,G). Let ¢;
be a set of representatives of G-conjugacy classes of Langlands parameters of G(F)
and its pure inner forms with infinitesimal parameter A, and let TIZ"°(G/F) be the
Vogan L-packet of G(F') and its pure inner forms. Then

Slm le ure

Repa(G/ P = [5G/ 3)

Fix a Whittaker datum to for G. The local Langlands correspondence predicts
an isomorphism

o IE(G/F) — Ay, = Ac, (4)

where C; = Cy,. Under this bijection, an element w € II}'"(G/F') corresponding to

pE /Tg will be denoted by 7(¢;, p) if the choice of Whittaker datum is understood.

On the other hand, for each orbit C' C V) and each local system £ € Locy, (C),
there is an associated simple perverse sheaf ZC(C, L) € Perp, (V) and all simple
objects in Perg, (V) are obtained this way. Thus we have a bijection

PerHA V)\ jllrsnoplc = HAC (5)

If we combine (3), (4) and (5), we get an isomorphism

P Repy (G Perin, (W0 = Perg (X0

(m,8) = IC(Cy,Lp)
where (¢, p) is the enhanced Langlands parameter for m, so ¢ is the Langlands
parameter for 7 and p is an irreducible representation of A4 with central character
6. For a local Langlands parameter ¢ with infinitesimal parameter A\, we define

Iy (G/F) = {(m,8) € Rep,(G/F)7:00 : NEwsc,, (P (, 8)) # 0} (7)

/iso

Since

gen\simple ~ AB\
Perp, (A% )/NO = An
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the functor NEvsc defines a natural function

I (G/F) — AZ (®)
We write IT;", (G for the subset of IT;"\ (G//F) consisting of representations of G(F),
not including its pure inner forms. The main conjecture in | | says that if

G is a quasi-split classical group over a p-adic fields and v is an Arthur parameter
for G(F') then

Ty(G) = Tlg, 1w (G),

and the map in (8) is identical to that defined by Arthur, in the sense of |
Conjecture 1, §8.3].

3.3. Kazhdan-Lusztig hypothesis for p-adic groups. The Kazhdan-Lusztig

hypothesis for p-adic groups appeared first in | | for general linear groups.
Here we review the general form of the conjecture; see also | , Conjecture
8.11], | , §10.3.3], | , Theorem E, (b) and (c)|, and, for Real groups,

[ , Corollary 1.25].

For every irreducible m € Rep, (G/F), let M (m) be the standard representation
for w. For every m; and = in II\(G/F), let m;; denoted the multiplicity of m; in
M ;) so that in KRep,(G/F),

M(m;) = mymi).
icl
Let my = (mij)i,j be the matrix of these entries.

Recall that for each m; we associate a pair (¢;,p;) and hence ZC(Cy,,L,,) €
Perpg, (V). We wish to define the analogous change of basis matrix to standard
sheaves.

For m;, consider

cij = rank (Hom (IC(C’@,ﬁpi) Co,» Lo, [dim Cj])) '

taken in the equivariant derived category Dy (V). Let ¢y = (¢;;);,; be the matrix
of these entries.

Hypothesis 3.3 (p-adic analogue of the Kazhdan-Lusztig Hypothesis). In the
Grothendieck group KRep(G) the multiplicity of the irreducible representation m; in
the standard representation M (7;) is given by

my =t C).
3.4. Geometric Implications. In this section we highlight several implications
of the Kazhdan-Lusztig Conjecture as articulated in Section 3.3 and the Desiderata
of Section 2.

We first articulate some purely geometric facts.

Proposition 3.4. Let V be a Vogan variety, and H the group which acts on it.
Let S C V be a smooth union of orbits with S = C. Suppose L is an equivariant
étale local system on S. Then
(1) IC(C, L|c)|s = L[dim C] and consequently in the special case of S = C
then IC(C, L|¢) = L[dim C].
(2) If D C S is an orbit with D # C then Bvwsp(IC(C, L|c) = 0 and consequently
in the special case of S = C then Bvwsp(ZC(C, L|c) # 0 if and only if D = C.
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(8) If F is any étale local system on D C S then
IC(D,F)ls @ L=TIC(D,F ® L|p)|s-

(4) If F € D (C) and D C S then Bvsp(F @ L) = (LK 1p~) @ Bwsp (F).

Proof. (1) The first point is [ , Lemma 4.3.3].

(2) The second can be seen as a consequence of the fact that Evs computes
characteristic cycles, and a characterization of the characteristic cycles of
local systems on smooth varieties. Alternatively, one can argue similarly to
the proof of | , Lemma 7.21].

(3) That ZC(D, F)|s ® L is perverse uses flatness of £ and £Y = RHom(L, 1)
and that under Verdier duality we have

Ds(IC(D, F)ls ® L) = Ds(IC(D, F)|s) @ L.
The simplicity of ZC(D, F)|s ® L is a consequence of exactness, that is
C(D', F') = IC(D, F)|s ® L
implies, for example,
(D', F'Yy® LY - IC(D,F)|s.

(4) The fourth point is a modification of the proof of | , Proposition
7.13]. O

From this we have the following consequences in representation theory:

Corollary 3.5. Applying the proposition to any situation where S = C is closed we
find that if C in V is an orbit with C smooth and L is an equivariant local system
on C then
(1) Assuming the Kazhdan-Lusztig Hypothesis (see Section 3.3), w(C, L|c) has
multiplicity 1 in Mr(p.r|,) for each D C C.
(2) ©(C, L|c) appears in a unique ABV-packet.
(8) Twisting by L permutes characters for the parts of L- and A-packets coming
from representations in C uniformly.
The above applies in particular when C is the open orbit and L is any local system
on all of V or for any orbit C where C is smooth and with £ = 1&.

The above has the following consequences on the Local Langlands Correspon-
dence.

Proposition 3.6. Assuming the Kazhdan-Lusztig Hypothesis (see Section 3.3).

(1) Every standard module for a representation in the L-packet of the open orbit
is irreducible.

(2) Every standard module for a representation in the ABV-packet of the open
orbit is irreducible.

(3) If C is an orbit for which every standard module, for representations in the
L-packet, is irreducible then C is the open orbit.

(4) If C is an orbit for which every standard module, for representations in the
ABV-packet, is irreducible then C' is the open orbit.

Proof. The first point is a direct consequence of the Kazhdan-Lusztig Hypothe-
sis and the observation ZC(C, L)|p # 0 implies D C C. The second point is a
consequence of | , Proposition 7.10], which implies that the L-packet and



12 C. CUNNINGHAM, S. DIJOLS, A. FIORI, AND Q. ZHANG

ABV-packet are equal for the open orbit. The third point is an immediate conse-
quence of Corollary 3.5. The fourth point is a consequence of the fact that every
L-packet is contained in the corresponding ABV-packet. (]

Remark 3.7. Unless the group H is disconnected, it is unusual for there to be
more than one étale local system on all of V. When the group H is disconnected
each irreducible representation p of H/H® gives rise to a local system 1, on all of
V. This applies in particular if we assume Desiderata (3) of Section 2. We believe
that if there is more than one Whittaker normalization for an L-packet II4(G), the
corresponding group H) is disconnected; here, A is the infinitesimal parameter of

o.

The following proposition provides additional information when the twisting
arises from the group H being disconnected.

Proposition 3.8. Suppose H is disconnected and H® is the connected component
of the identity. Let C' be an H® orbit in V and C = HC' be its inflation to an H
orbit. Let F € Dy (V) and let forget yo (F) € Dpo (V) be the output of the forgetful
functor from Dy (V') to Dgo (V). Then

(1) Ft(forget o (F)) = forget o (Ft(F)).

(2) BEver(forget o (F)) = forget o (Eve (F))|1.., -

(8) If C = C' then for any H equivariant local system L on C we have

forget ;o (ZC(C, L)) = IC(C', forget o (L)).

We now summarize the implications of the above when applied with a local
system n;}m/ arising from renormalizing with a different Whittaker datum as in
Desiderata (3) of Section 2.

Proposition 3.9. Assume Desiderata (3) of Section 2. Then:

(1) Tensoring with n;}m/ permutes the fibers of the forgetful map Dy (V) —
Dy (V) where we restrict the equivariance to the connected component of
H.

(2) IC(C, L)) ® n;}m, =IC(C, L ® n;}m,), so that the Kazhdan-Lusztig Hy-
pothesis (see Section 3.3) remains consistent. That is, if it holds for one
normalization it holds for both.

(3) Bve(F ® nt;lm,) = Bvo(F) ® n;}m,, so that characters of the associated
distributions (see | , Section 8.2]) are compatibly permuted and
ABV-packets are preserved.

(4) ABV-packets are independent of the choice of Whittaker datum.

Corollary 3.10. Assume Desiderata (3) of Section 2. Let C be the open orbit of
V. If there exists a Whitaker normalization in which m = w(C,1¢) then in any
normalization:

(1) The only L-packet containing m is the one for C.

(2) The only ABV-packet containing 7 is the one for C.

(8) Assuming the Kazhdan-Lusztig Hypothesis (see Section 3.3) for each orbit
D of V' the representation m appears as a sub-quotient for some standard
module associated to a representation in the L packet associated to D.

Remark 3.11. We will see later, in Theorem 4.7, that, assuming Desiderata (2)
of Section 2, for classical groups if C is open then 7(C, 1¢) is generic.
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4. A GEOMETRIC CHARACTERIZATION OF GENERIC L-PACKETS

In this section, we assume that G is quasi-split and we show that tempered
parameters are precisely those open parameters that are of Arthur type. We also
show that ¢ is open if and only if the adjoint L-function L(s, ¢, Ad) is holomorphic
at s = 1. Taken together, these facts tell us that openness is an appropriate
generalization of temperedness for Langlands parameters from the case of those of
Arthur type.

Definition 2. Recall these basic definitions:

(1) We take the definition of tempered representations as given in | , Prop
I11.2.2.]. A Langlands parameter ¢ is tempered if and only if its restriction
to Wy is bounded in G. As in Borel’s desiderata, see 6.8, it is expected
that a Langlands parameter ¢ : W, — LG is tempered if and only if its
L-packet II;(G) contains a tempered representation; in this case we say the
L-packet itself is tempered.

(2) A Langlands parameter ¢ : W, — LG is said to be of Arthur type if there
is an Arthur parameter ¢ : W. — LG such that

¢(wa :ZJ) = 1/)(’[0, xz, dw)v

1/2 . . . . .
where d,, = ol |72 ) An irreducible representation 7 is said to be
w

of Arthur type if it appears in an A-packet.

(3) An irreducible representation 7 is said to be generic if it has a Whittaker
model; see Definition 1. A Langlands parameter ¢ is said to be generic if
II;(G) contains a generic representation; in this case we say the L-packet
itself is generic.

4.1. On tempered L-packets.

Definition 3 (| , §0.6]). A Langlands parameter ¢ : Wy — LG is said to be
open (resp. closed) if the corresponding point x4 € V) lies in the open (resp. closed)
H)-orbit in V), where X is the infinitesimal parameter of ¢.

Proposition 4.1. A Langlands parameter is tempered if and only if it is open and
of Arthur type.

Proof. Suppose ¢ : Wi, — LG is tempered. Define v : Wi — LG by ¢(w, x,y) =
¢(w, ). Then the image of the restriction of ¢ to W is the image of the restriction
of ¢ to W, which is bounded since ¢ is tempered. Consequently, ¥ is an Arthur
parameter. Since ¢(w,x) = Y(w,x,dy), it follows that ¢ is of Arthur type. To
see that ¢ is open, note that z4 = zy € V), where z4 and zy are defined by
the property expz, = ¢(1,¢€) | , Proposition 4.2.2] and expzy = 9¥(1,¢,1)
[ , Section 6.6]. By | , Proposition 6.6.1], (zy,yy) € AY®, where
yy € V¥ is defined by the property expy, = (1,1, f). Since ¥(1,1, f) = ¢(1,1) =
1, it follows that y,, = 0 and therefore that Cj = {0}. By Proposition 3.2 it follows
that Cy4 is the open orbit in V). This completes the proof that ¢ is open if ¢ is
tempered.

Now suppose ¢ is open and of Arthur type. Then ¢(w,z) = ¢ (w,z,d,) for a
unique Arthur parameter 1; recall that, by definition, the image of the restriction
of 1) to W is bounded in G. Note that Ty = Ty as above and also that (zy,yy) €
AT, as above. Again by Proposition 3.2, since ¢ is open it follows that C} = {0} so
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yy = 0. If follows that ¢(1, 1, f) = 1. Now consider ¢ :=1°[gpart(¢) : SLa(C) = G
and note that o(f) = 1. Arguing as in | , Section 2], it follows from the
Jacobson-Morozov theorem that o is determined uniquely by the SLo-triple o(e),
o(h) and o(f). Since o(f) = 1, this triple is trivial, so o is trivial. It follows that
d(w,z) = Y(w,z,y). Since P(w, 1) = ¥(w,1,dy) and since ¢Y(w, 1,dy,) = P(w,1,1)
it follows that the image of the restriction of ¢, to Wg in G is equal to the image
of the restriction of 1 to Wg in é, which is bounded. This concludes the proof
that if ¢ is open and of Arthur type then ¢ is tempered. O

Corollary 4.2. Let G be an arbitrary connected reductive group. Vogan’s conjec-
ture is true for tempered Langlands parameters. More generally, if ¢ is an open
parameter then T (G) is the L-packet T4(G).

Proof. Let ¢ be a tempered parameter, by Proposition 4.1, it is open and of Arthur

type. As a consequence of | , Proposition 7.10] or | , Theorem 7.22]
(b), only the local systems on the open orbit Cy contribute to the ITy™. Therefore,
it is equivalent to IL4(G). d

Remark 4.3. Langlands parameters that are open need not be tempered nor of
Arthur type. For example, if G = GL; over F and ¢ : W, — LG is defined by
¢°(w,x) = |w|, then ¢ is open, not tempered, not of Arthur type.

4.2. On generic L-packets. Let ¢ : Wr x SLy(C) — G be a local Langlands
parameter and let Ad : “G — Aut(g) be the adjoint representation of “G' on the
Lie algebra of the dual group of G. The corresponding local L-factor is

L(s, ¢, Ad) = det(I — q~* Ad(A(Fr))| 1 )L
N
where A\ := Ay (see (1)) is the infinitesimal parameter of ¢, N = d¢ (§3) and

gn = ker(N) and gX is the Ip-invariant subspace of gy. See | | for more
details about the definition of local L-factors. Here we notice that the Frobenius
element in | | is the inverse of our Frobenius element in | ].

Proposition 4.4. For any Langlands parameter ¢, the adjoint L-function L(s, ¢, Ad)
is reqular at s = 1 if and only if ¢ is open.

Proof. Write C = Cy in the following. Note that N € C and L(s, ¢, Ad) has a
pole at s = 1 if and only if there exists a nonzero element y € /g\f\f such that
Ad(A(Fr))y = gy, meaning y € Vi and [N,y] = 0 so (N,y) € Ac. Equivalently,
L(s, ¢, Ad) is regular at s = 1 if and only if {y € V¥ | (N,y) € Ac¢} = {0}.

We first assume that N =0, i.e., ¢(w,z) = AM(w). Then L(s, ¢, Ad) is regular at
s = 1 if and only if V¥ = {0}. The latter condition is equivalent to V) = {0}, in
which case ¢ = A is trivially open in V).

Next, we assume that N # 0. Since Hy.N = C and [, ] is invariant under the
H-action, it follows that L(s, ¢, Ad) is regular at s = 1 if and only if the projection
pry : A — VY is zero, which implies C* = {0}, hence C is open. O

We recall the following conjecture of Gross-Prasad and Rallis.

Conjecture 4.5 (| , Conjecture 2.6]). An L-packet I1,(G) is generic if and
only if L(s, ¢, Ad) is reqular at s = 1.

As a consequence of Proposition 4.4, Conjecture 4.5 is equivalent to the following
conjectural geometric characterization of generic L-packets.
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Conjecture 4.6. An L-packet I14(G) is generic if and only if ¢ is an open param-
eter.

Conjecture 4.5 has been verified in many cases in the literature. See | , ,
] for some examples. The connection between genericity and openness seems
to be known for experts. For unipotent representations, Conjecture 4.6 has been

conjectured in | | and proved in | |. In the general case, it also appeared
as a conjecture in | , Conjecture B|. The most general case of Conjecture 4.5
proved in the literature is the following
Theorem 4.7 (Theorem B.2, | D). If G is a classical group (including GLy,),
then Conjecture 4.5 is true.

In fact, Gan-Ichino | | proved Conjecture 4.5 for any reductive group under
certain hypothesis on local Langlands correspondence, see | , Section B.2],

which are known to be true for classical groups (including the general linear groups).

Corollary 4.8. If G is a classical group (including GL,,), then 4.6 is valid true:
¢ is generic if and only if ¢ is open.

For the exceptional group Gs, one can also check that Conjectures 4.5 and thus
4.6 hold directly for unramified parameter ¢ using | , | and for general ¢
using the recently proved local Langlands correspondence for G in | , |

For more general groups, we show that at least one direction of Gross-Prasad &
Rallis’ conjecture follows from the Kazhdan-Lusztig hypothesis easily.

Theorem 4.9. Assume the Kazhdan-Lusztig Hypothesis 3.3. Let ¢ be a generic
local Langlands parameter with infinitesimal parameter . Then ¢ is open in V)
and thus L(s, ¢, Ad) is regqular at s = 1.

Proof. Let X\ be the corresponding infinitesimal parameter of ¢ and C' C V) be the
orbit corresponding to ¢. Assume that C is not open in V). If II;(G) contains a
generic representation 7, then the Desiderata in Section 2 says that there exists
a bijection Il = A\(;s such that m < 1. Let M, be the standard module of 7.
Let C° be the open orbit in V) with Langlands parameter ¢°, and let w(¢°) be
the representation in Il which corresponds to 1 € Z; . By Kazhdan-Lusztig
conjecture and Corollary 3.10, we have

(M, m(¢°)) # 0.

Thus M, is reducible. By the standard module conjecture | |, which was proved
in | ], 7 is not generic. Thus if ¢ is not open, IL4(G) does not contain generic
representations. O

4.3. Some other consequences of Kazhdan-Lusztig Hypothesis. As was
shown in Theorem 4.9, one direction of Conjecture 4.5 follows from Kazhdan-
Lusztig Hypothesis 3.3, in particular, Corollary 3.10. In this subsection, we record
several other immediate representation theoretic consequences on Kazhdan-Lusztig
hypothesis after Corollary 3.10. Even though they might be well-known uncondi-
tionally, we feel like it is probably worth keeping them here to illustrate the power
of the geometric approach.

Corollary 4.10. Assume the Kazhdan-Lusztig Hypothesis 3.3 and the local Lang-
lands correspondence desiderata in Section 2 for G. Let w be a supercupidal generic
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representation of G(F) and let ¢ = ¢ : Wr x SLa(C) — £G be its local Langlands
parameter, then ¢r|sr,c) = 1.

Proof. The proof is along the same line as the proof of Theorem 4.9. Let A\ be
the infinitesimal parameter of ¢, it suffices to show that V) = {0}. Assume that
Cy is the zero orbit of V) and C° is the open orbit in V). Since 7 is assumed to
be generic, then ¢ € C° by Theorem 4.9. Desiderata (2) in Section 2 implies that
7 = 7(C° 1). Now Corollary 3.10(3) implies that 7 appeared as a subquotient of
the standard module of 7(Cp, 1). Since 7 is assumed to be supercuspidal, it forces
that C° = Cp and thus V) = {0}. O

Corollary 4.11. Assume Conjecture 4.5, the Kazhdan-Lusztig Hypothesis and the
desiderata in §2. Then for any infinitesimal parameter A of G, all of the irreducible
representations in Repy(G) have the same central character.

Proof. Let C° be the open orbit in V). Then Conjecture 4.5, or its equivalent
form Conjecture 4.6, implies that there is an irreducible generic representation
m° € Ilgo, where ¢° is the Langlands parameter associated with C°. Let ¢ be
any L-parameter with Ay = A. Part (3) of Corollary 3.10, which is true under the
assumption of Kazhdan-Lusztig Hypothesis 3.3, says that n° is a sub-quotient of
M (¢,1), where M(¢,1) is the standard module of 7(¢, 1), the representation with
enhanced Langlands parameter (¢.1). Note that M (¢, 1) has central character wy.
Thus we get that wge = wre = wg. This proves the corollary. O

Remark 4.12. If we assume that for any local L-parameter ¢ and any irreducible
representation m € II4(G), the central character w, of 7 is wy as the recipe given

in [ ], it is possible to check Corollary 4.11 unconditionally, namely, to check
We, = We, if Ay, = Ag,. Indeed, for irreducible representation of quasi-split SOg,,
and Sp,,, over p-adic field, it is checked in an appendix of | | that the central

character only depends on its infinitesimal parameter.

5. GENERIC ABV-PACKETS

5.1. Generic ABV-packets. F. Shahidi proposed the following conjecture in
[1.522].

Conjecture 5.1 (Enhanced Shahidi’s Conjecture). Let G be a quasi-split classical
group and let ¢ be an Arthur parameter of G. Then I1,(G) contains a generic
representation if and only if ¢ is tempered.

Vogan’s conjecture suggests (see Subsection 1.1) the following ABV-packets
analogue of Conjecture 5.1.
Proposition 5.2. Let G be a quasi-split classical group over F and ¢ be a local
Langlands parameter of Arthur type. Then I1""(G) contains a generic representa-

tion if and only if ¢ is tempered.

The proof of this proposition will be given later as a corollary of a more general
result. Because ABV-packets are determined by the geometry of Vogan varieties,
it is natural to drop the Arthur type condition in the proposition above, because
it is hard to translate it to a geometric condition. Thus we propose the following
conjecture which can be viewed as a generalization of Conjecture 4.5 and also
Conjecture 5.1 modulo the Vogan’s conjecture | , Conjecture 1, §8.3].
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Conjecture 5.3. Let G be any quasi-split reductive group over a p-adic field F.
Let ¢ be a local Langlands parameter of G. Then the ABV-packet 11" (G) contains
a generic representation if and only if ¢ is open.

Note that TT4(G) C T (G) for general Langlands parameter ¢ and T4 (G) =
HfV(G) for open Langlands parameter ¢, see | , Theorem 7.22| (b) or
Corollary 4.2, Conjecture 5.3 is indeed a generalization of Conjecture 4.5 in view
of Proposition 4.4. Moreover, the new content of Conjecture 5.3 compared to
Conjecture 4.5 is that TI3™(G) does not contain any generic representations if Cy
is not open in V).

On the other hand, the following theorem shows that Conjecture 4.5 is indeed
equivalent to Conjecture 5.3.

Theorem 5.4. Let G be a quasi-split reductive group over F and ¢ be a local
Langlands parameter of G. We assume that the local Langlands correspondence
holds for G which also satisfies the desiderata in §2. Assuming Conjecture 4.5.
Then H’;BV(G) contains a generic representation if and only ¢ is open.

Proof. Let A be the infinitesimal parameter of ¢ and let C° be the open orbit of
V) and let ¢° be the open Langlands parameter. It suffices to show that if ¢ is not
open, then IT;™(G) cannot contain a generic representation. By Proposition 4.4,
Conjecture 4.5 and Desiderata (2) of Section 2, if 7 is a generic representation in
II(G) x, we can assume that 7 = w(C?, 1) under the local Langlands correspondence.
By Corollary 3.10 (2), the only ABV-packet which contains  is TI;.". O

Corollary 5.5. Let G be a quasi-split reductive group over F.

(1) If G is classical, then va contains a generic representation if and only if
L(s,¢,Ad) is reqular at s = 1.

(2) Assuming Kazhdan-Lusztig’s Hypothesis 3.8. If L(s, ¢, Ad) has a pole at
s =1, then I (G) does not contain a generic representation.

Proof. (1) follows from Gan-Ichino’s Theorem 4.7, Proposition 4.4 and Theorem
5.4 directly. (2) follows from Theorem 4.9 and the proof of Theorem 5.4. (]

Proof of Proposition 5.2. By Proposition 4.1, ¢ is tempered if and only if ¢ is open
in V), i.e., if and only if L(s, ¢, Ad) is regular at s = 1. The assertion follows from

Corollary 5.5 (1) directly. O

Note that Proposition 5.2 plus | , Conjecture 1 (a), §8.3] would imply
Conjecture 5.1. This gives a general framework to solve Conjecture 5.1. In fact,
one only need one direction of | , Conjecture 1 (a)] to get Conjecture 5.1:

Corollary 5.6. Let G be a quasi-split classical group. Let ) be an Arthur parameter
and let ¢ = ¢y We assume that 1,(G) C 1" (G) for every Arthur parameter 1.
Then Conjecture 5.1 holds.

Proof. By Corollary 4.2, if ¢ is tempered, then I1,,(G) = I4(G) = I3 (G), which
contains a generic representation by Gan-Ichino’s theorem 4.7. If ) is not tempered,
then ¢ = ¢y is not open by Proposition 4.1. By Proposition 5.2 does not contain
a generic representation. The assumption IT,(G) C I (G) implies that Iy (G)
does not contain a generic representation. [



18 C. CUNNINGHAM, S. DIJOLS, A. FIORI, AND Q. ZHANG

Remark 5.7. The hypothesis IT,(G) C II;"(G) implies all representations 7 in
1, (G) have the same infinitesimal parameter. This is true by | , Proposition
4.1].

5.2. A generalization of Enhanced Shahidi’s conjecture. Let G be a classical
group over a p-adic field F'. Following | ], given an irreducible representation
7 of G of Arthur type (which means it is in certain A-packet), we consider the set

U(7) = {Arthur parameter ¢ of G : 7 € Il }.

Since A-packets usually have nontrivial intersections, ¥ () is usually not a single-
ton. Various structures of ¥(7) were studied in | , ]. An equivalent
statement of Enhanced Shahidi’s conjecture 5.1 states that if 7 is generic and of
Arthur type, then ¥(7) is a singleton.

Analogously, we can consider the following situation. Let G be a general reduc-
tive group over a p-adic field F'. We assume the local Langlands correspondence
for G. Let ®(G) be the set of all L-parameters of G (up to equivalence). Let m be
an irreducible smooth representation of G, we consider the following set

" (1) = {p € B(G) : 7 € LY (G)}.

Then Conjecture 5.3 is equivalent to the following statement: if 7 is generic, then
®*"Y (1) is a singleton. Concerning this set ®*"*(r), Corollary 3.5 gives the following
immediate corollary.

Corollary 5.8. Let G be a general reductive group over a p-adic field F. We assume
the local Langlands correspondence for G. Let A be an infinitesimal parameter of
G and let C C Vy be an orbit such that C is smooth and L be an equivariant local
system on C. Define 7(C, L|c) = Py (C, L|c) where Py is as in (6). Then,

o™(n(C, L]e)) = {9},

where ¢ = ¢¢ is the L-parameter associated with C. In particular, if C is smooth,
then
o™ (n(C,1)) = {¢}.

A very special case of Corollary 5.8 says that ®**"(7(C?, 1)) is a singleton, where
C° is the open orbit in V). The conjecture of Gross-Prasad and Rallis 4.5 plus
Proposition 4.4 give a representation-theoretic description of all representations of
the form 7(C?, 1): they are exactly the generic representations. It is thus interesting
to ask the question: how to give a representation-theoretic description of the class
of representations of the form 7(C,1), where C is smooth in V) (or even more
generally, representations of the form 7(C,L|c), where C is smooth and L is a
local system on C)?

Finally, if 7 is of Arthur type and ¢ € ¥(rw), then | , Conjecture
1, (a), §8.3] implies that ¢, € ®""(r). Thus we have a conjectural inclusion
V(1) — ®**¥(7). Corollary 5.8 and | , Conjecture 1, (a), §8.3] then imply

the following

Conjecture 5.9. Let G be a classical group over a p-adic field F'. Let \ be an
infinitesimal parameter of G(F). Let C be an orbit with C smooth in Vy and L be a
local system on C such that m = 7(C, L|c) is of Arthur type, then ¢c is of Arthur
type and V() = {¢}, where ¢ the L-parameter associated with C' and 1) is the
Arthur parameter such that oo = ¢y. In particular, if C is smooth and m = 7(C, 1)
is of Arthur type, then ¢c = ¢y for some Arthur parameter ¢ and ¥(m) = {¢}.
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Remark 5.10. Note that if C' is an open or closed orbit, then C is smooth. If C
is a closed orbit, then C = C and thus for any local system £ on C, ¥(x(C, L))
should be a singleton if 7(C, £) is of Arthur type. This result should follow from
[ , Conjecture 2.1], which was directly inspired by the corresponding ABV-
packet version result | , Theorem 7.22 (b)] and was checked for Sp,,, and
split SOgy,41 in | ]. If C is open, then 7(C, 1) is the generic representation
in Rep, and thus Conjecture 5.9 can be viewed as a generalization of Enhanced
Shahidi’s conjecture. At this moment, we are not sure if there is any non-open,
non-closed orbit C such that C is smooth and 7(C, 1) is of Arthur type. Proving
non-existence or providing a classification of such orbit C' (if there is any) will be
an interesting question.

6. DISCRETE AND TEMPERED PARAMETERS ARE OPEN

In this section we prove that discrete and tempered Langlands parameters are
open using only their explicit description (see, in particular, | |) and the
knowledge of the cuspidal support of the representations they parametrize. We
first recall these pre-requisites.

6.1. Background on discrete series and discrete parameters. To a subset
O C A we associate a standard parabolic subgroup Pg = P with Levi decomposi-
tion MU and denote Ay the split component (maximal split torus in the center of
M) of M. We will write a}, for the dual of the real Lie-algebra aps of Ay, (anm)g
for its complexification and a}; for the positive Weyl chamber in a%, defined with
respect to P.

Let’s begin with the definition of some specific nilpotent orbits that will play a
key role in our argument. Let Ny be the cone of nilpotent elements in g. An element
x € Ny is distinguished in g if it is not contained in any proper Levi subalgebra of
g

If we think of nilpotent orbits as described by partitions of some integer, then
the distinguished ones would be described by partitions with distinct odd or even
integers.

Definition 4 (Discrete Langlands parameter). Let ¢ : Wr x SLo(C) — LG be
a Langlands parameter, hence satisfying the above condition. Let Ay be the
centralizer of the image of ¢(Wpr x SLy(C)) in G. The parameter is said to be
discrete if Ay is finite. If we are assuming that the maximal torus in the center of
G is F-anisotropic, ¢ is discrete if and only if ¢(Wx x SL2(C)) is not contained in
a proper parabolic subgroup of “G.

Alternatively, we can remark that conjecturally the L-packet of a discrete param-
eter is entirely constituted of discrete series representations, or that the L-parameter
of a discrete series is necessarily a discrete parameter. By a result of Heiermann
[ , Corollary 8.7], a discrete series representation can also be described through
some very specific cuspidal support o) where A is a residual point for the u func-
tion, the main ingredient in the Plancherel measure on reductive p-adic groups.
More precisely:

Theorem 6.1 (Heiermann). Let P = MU be a parabolic subgroup of G and o be
an irreducible unitary cuspidal representation of M. For the induced representation
IndIG;(U,\), with A € a}; to have a subgquotient which is square integrable, it is
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necessary and sufficient that oy be a pole of the p function of Harish-Chandra
of order equal to the parabolic rank of M and that the restriction of o to Ag be a
unitary character.

Whenever the parameter X is in (a%,)*, i.e in the positive closed Weyl chamber,
this residual point is called dominant.

Definition 5 (dominant residual point). A residual point oy for o an irreducible
cuspidal representation of a Levi M is dominant if A is in the closed positive Weyl
chamber (a%,)*.

Definition 6 (dominant infinitesimal character). An infinitesimal character is said
to be dominant when the sequence of g-exponents that characterizes it corresponds
to a dominant residual point under the local Langlands correspondence for tori. In
particular, when its sequence of g-exponents is decreasing.

By observations initially made on Hecke algebras by Opdam, and partially trans-
lated by Heiermann to the context of reductive p-adic groups, it is possible to relate
the set of dominant residual points to distinguished nilpotent orbits and, by Bala-
Carter Theory, the distinguished nilpotent orbits are parametrized by Weighted
Dynkin diagrams. In | |, one of the authors made explicit a connection between
partitions of (half)-integers for distinguished nilpotent orbits and the integers oc-
curring in the ‘Jordan block’ that completely describe a given irreducible discrete
series of classical groups as constructed by Moeglin-Tadic | |. Let us also de-
fine a root system X, (cf | ], 3.5) and its associated Weyl group W,,. Its index o
reflects the fact that this root system is associated to the cuspidal representation o
and we notice that any A residual point (those characterize the existence of discrete
series subquotients as noted above) is in the W,-orbit of a dominant residual point.

Proposition 6.2 (Discrete Langlands parameter). The restriction to SLa(C) of the
Langlands parameter of an irreducible discrete series representation of a classical
group whose root system is of type B, C, D is necessarily written as the direct sum
of v; with distinct odd or even integers i, where v; stands for the irreducible
representation of SLo of dimension i: Sym'™'. In case the root system is of type
A, the restriction to SLa(C) of the Langlands parameter is a unique v; of maximal
dimension.

Proof. Although our Langlands parameters do not factor through a proper Levi
of LG, they factor through an elliptic endoscopic subgroup of “G that we denote
LMp. In particular, the rank of the factors of this subgroup will partition the
rank of G without multiplicity (as opposed to the Levis of the classical groups
where the linear group subfactor would appear twice). This set of integers is also
key to characterizing the residual point appearing in the cuspidal support of the
discrete series. More precisely, this residual point is in the Weyl group W,-orbit
of a dominant residual point which will uniquely correspond to a distinguished
nilpotent orbit (see [ , Proposition 6.2]) of a classical Lie algebras, hence these
integers are necessarily distinct odd or even integers partitioning the rank n of
L@G. Alternatively, there is only one integer, typically n, in the case of type A. [

Remark 6.3. In their construction of discrete series representations, Moeglin and
Tadic named the set of dimensions ¢ of the v; occurring as a factor in the discrete
Langlands parameter the ‘Jordan block’, which, along a partial cuspidal support,
and the e-function constitute an admissible triple.
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6.2. The argument for discrete series. In this section, we now aim to prove that
a well-identified point, x4, of the Vogan variety V), associated to the infinitesimal
parameter Ay where ¢ is either a discrete or tempered Langlands parameter lies

in the open orbit. When e = ((1) }), the point x4 has been defined in | ,
Proposition 4.5] and | , Proposition 4.2.2] as: z4 :=log$(1,e). To do so,

we use the above definition and description of discrete Langlands parameters and
observe ., factors through a subgroup “Mp of LG where it is immediately seen to
be open in the Vogan variety [[]_, V), attached to the decomposition of ¢ in ®;v;.
In | | and in | |, the Vogan variety has been described as a product of
Hom-spaces Hom(E:, E,i+1) where E i stands for the ¢*-eigenspace. Here, we also
use the description of the open orbit in terms of maximal ranks of maps between
the eigenspaces E:.

We denote the map Ly : LM — LG and aim to show that Ln(x,) will remain
in the open orbit of V). The variety V) is usually more easily described when the
infinitesimal parameter is dominant. To transform the parameter (Ai, Aa, ..., A;)
in a dominant infinitesimal parameter, one usually use a permutation matrix P.
We will therefore let this permutation P operate on z, too. The key observation
will be that the non-zero entries in z4, which also stand for maps between E:-
eigenspaces in szl V\,, will remain maps between those same eigenspaces in V).
Let us formulate this fact in a lemma:

Lemma 6.4. Let K be an algebraically closed field. Let A, and S be two linear
endomorphisms on a K -vector space, with A diagonalizable, such that its eigenvalues
are given by q-exponents in the standard basis of the vector space, and S of degree
+1, i.e S(Egi) = Egi+1, for alli. Then, the linear endomorphism S is invariant
under reordering of the basis of the K-vector space, hence remains of degree +1.

Proof. Through X, with eigenvalues of the form ¢*’s, we can decompose a K-vector
space V into eigenspaces, Eg:’s. It is well-known that linear endomorphisms are
invariant under change of basis. O

6.3. An example with SO7. Let us consider an irreducible unramified discrete
series representation 7 of the p-adic SO7. Its Langlands dual group is Spg, of rank
6. Since it is discrete, its Langlands parameter needs to factor through the “Mpg
subgroup whose factor have rank either one of the two partitions of 6 into distinct
even integers: {6} and {2,4}. Let us consider the second partition. It parametrizes
the dimension of each of v; occurring in the Langlands parameter: ¢, = vy @ vy.
By Theorem 6.1, 7 is a subquotient in 18(0,,) with v a dominant residual point.
The distinguished nilpotent orbit corresponding to this dominant residual point is
exactly characterized by the partition {2,4}. From those integers we get the residual
segments (3/2,1/2,—1/2,-3/2) and (1/2,—1/2). Concatenating them, we get the
sequence of exponents: (3/2,1/2,—1/2,-3/2,1/2,—1/2). Then the infinitesimal
parameter \(Fr) is the diagonal matrix:

(¢*%, ¢, g2 g3 g2 g7V ?)

We let x4, be the Jordan form of Sym?( <(1) })) & Sym' ( (3) }) ).
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Lo =

|
[ecilen i en I en e M @)
S o oo o
SO OO O
S OO+ OO
o O o oo
o= OO OO

Let us take a closer look at the non-zero entries of x4 _, starting from the first line:

g2 1 0 0 0 0

0 ¢'/? 0 0 0

0 0 ¢ /2 1 0 0

AMET) + 20, = 0 0 0 g2 0 0
0 0 0 0 ¢'/2 1

0 0 0 0 0 ¢ /2

The permutation matrix has to permute the fourth and sixth entries of the diagonal,
and the third and fifth:

OO O O O
[N ool el
O OO oo
_ O O o oo
oo o+~ OO
OO = O OO

Then Pxy P =

OO OO oo
SO O OO
OO O O OO
oo o~ OO
o O oo

O OO oo

By switching the 2 x 2 blocks containing the couple of entries (q*1/2, q’3/2) and
(ql/z, q_1/2), one gets the expected result. The entries given by the blue and the red
1 get switched. As the ¢—'/2 diagonal entry goes down on the diagonal by 2 steps,
the green 1 on the second line, get translated rightward by 2. As we noticed with
this example the number of desired maps between g-eigenspaces (given by these 1)
is preserved through this process. This explains why we should get as many maps
as multiplicities of (positive) exponents. Further, we will see that the ranks of the
compositions of such maps will also remain maximal, implying that x4 = log¢(1,e)
lies in the open orbit.

Remark 6.5. Concretely, as a result of the Lemma 6.4, we have that the 1’s, which
are initially at the intersection of a line (the one of a given eigenvalue) and a given
column, follow this line and column throughout the various transpositions of the
permutation matrix. After conjugation by the permutation matrix, a given block
matrix containing such 1’s necessarily has them on independent lines and columuns.
If this block matrix is a square matrix, it is itself a permutation matrix.
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6.4. An example with Sp;,. Let us consider an irreducible unramified discrete
series representation 7 of the p-adic Spy,. Its Langlands dual group is SO;5, of rank
15. We choose the decomposition of 15 in {7,5,3} and construct the corresponding
infinitesimal parameter. Let us take the following Langlands parameter A and apply
a permutation matrix to reorganize it so that the exponents are in decreasing order.
We also wrote the point x4 within the same matrix, and it corresponds only to the
1 entries just above the diagonal. We will observe how the permutation matrix will
move those entries in particular. Note that we focus our attention on the upper-half
part of the matrix, as by symmetry, the blocks matrices that constitute the Vogan
variety on the lower-half will be the same as the upper half but transposed.

¢ 100 0 0O 0O 0O0O0OO0O O0O0OO0O O
0 ¢2 100 0 0 0O0O0O0 OO0OTUO0OO
0 0 g 1.0 0 O O0OOTO OOTUOTO
0o oo1 1 0 O OOOTO O0OOOTFO
0 0 0O % 1 0 000 O OO0O0OO
0 00 0 O q% 1 000 0 0O0O0O
0 000 0 O q% 000 0 O0O0OO0OTO
0 000 0 0 0 ¢ 0 0 00O0 O
0o 000O0O O O O0g¢1 0 O0O0OO0OTFO
0o o000O0O O O OOT1T 1T 0O0O0TO
0 000 O0O O O O0O0O % 10 0 O
0 000 O0O O O O0O0O0OO q% 0 0 0
0o o00O0O O O OO0OO0OO0O O ¢ 1 O
0o o000 O O O0OO0OO0OTO0O OO0OT11
0o o0o00O0O O O O0OOO0OO0O OO0°TO0 %

Below, we see how the permutation matrix acts on the colored non-zero entries
of the upper-half matrix:

@ 1 000 O0O0O0O0O0O0OO0O O 0 O
0 ¢2 010 00O0O0O0O0O0 O 0 O
0 0 ¢> 00 o0 0 0 0 0 0 0 O
0 0 0 ¢g 00 O11TO0OO0OO0OO O O O
0 0 00 ¢g OO0 O 11T O O0OO0O O O O
0 0 000 ¢g1 0O O0OO0OO0OO0O O O O
0o o 00O0OOT1TO0OO0OOTO0OO0O O 0 O
0o o 00O0OOOT1O0OO0OTO0OO O O O
0o 0 00O0OOOOTI1TT1TO0O0O O 0 O
0o 0 0 0 0 0O 0 0 O % 0 0 0 0 O
o 0 0 0 0 0O O 0O 0O O % 0 0 0 O
o 0 0 00 O O0OO0OO0OO0O O % 0 0 0
o 0 0 0 O0 O0OO0OO0OO0OO0O O0O0 q% 0 0
o 0 0 0O0OO0OO0OO0OO0OTO0OO0OTO0O O q% 0
0O 0 00O0OO0ODO0OOOUOUO0OO0 0 0 %

Q

Let us now show the block matrices which will constitute the Vogan variety to
see in which orbit the element x4 embeds. Again, we focus here our attention on
the upper-half of the matrix.
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@ 1 % 00 00 O0O0O0O0O0 O 0 0
0 ¢2 01 « = 000 O0O0O0 0 0 O
0 0 ¢2 * « 1 000O0O0O0 O 0 O
0 0 0g 00«1 %« 000 0 0 0
0 0 00 g O %1000 0 0 0
0 0 000 g1 %= 000 0 0 0
0O 0 0O0O0OO0OT1O0TUO0TUO0OTUO0OGO0O O 0 0
00 0O0O0OO0OOT1TUO0OUO0OTUO0OO0O O O O
0O 0 000 O0DOOTI1T1O0UO0 0O 0 0
00 00000O0O0Z: 00 0O 0 0
0000000000%0000
00000000000%000
000000000000%200
0000000000000(1%0
00 0O0O0OO0OOOTOUOTO OO0 0 0 %

E£s)

Let us call w the vector (u,v) on the first line, X the 2 x 3 matrix on the
second and third line, and Z the 3 x 3 matrix below. Then the Vogan variety
is V = {w, X, Z}. We see that w # 0 and the ranks of X and Z are maximal.
Further, as the result of the Lemma 6.4, the products of w with X and X with Z,
as well as the product of the three, necessarily have maximal ranks. Indeed, the
property of each of the maps (the "1"’s), which is to send an eigenvector in Ei
to Egi+1, imply there will be enough compositions of such maps after application
of the permutation matrix (i.e the ranks of the product matrices are maximal).
Therefore it is clear that this element lies in the open orbit.

As we presented the following proposition in a seminar, Alexander Meli brought
to our attention the existence of another proof in a recent paper [ , Propo-
sition 3.18].

Proposition 6.6. Let m be an irreducible discrete series of a split classical group
G or any of its pure inner forms, ¢, its Langlands parameter. Then ¢, is open in
V.

Proof. Let m be an irreducible discrete series of a classical group G whose set
of pure inner forms contains at least one split form, and take “G its Langlands
dual group of rank n (which is shared by all its pure inner forms). Using the
Theorem 6.1, we know this irreducible discrete series is a subquotient of IS (or),
with A a residual point. Using the Proposition 6.2, to each such irreducible discrete
series, we can associate a partition of n into distinct odd or even integers or a
singleton partition, (A1, Ag,...,A.,), such that ¢-|sr,c) is the sum of the vy;.
Evaluate each of the v; = Sym’™" where i runs over the A; for j € {1,...m} at
dy to identify the infinitesimal parameter A(w). The sequence of |w|-exponents
in A(w), whenever reordered to be decreasing, is called a "residual segment" (see
[ , Definition 4.2]), and can alternatively be understood as a dominant residual
point by [ , Section 2.5].

Using this infinitesimal parameter, we build the Vogan variety. As the Langlands
parameter of a discrete series factors through the subgroup “Mpy of G, we can
write V\ = [], Vi,, where J; is the residual segment corresponding to v;(d,,). Note
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that by [ , Lemma 5.3], unramification of the Langlands parameter leaves
the Vogan variety intact, so we may as well assume the infinitesimal parameter is
unramified. Since A; is a strictly decreasing sequence of (half)-integers, the Vogan
variety V), corresponds to the maximal Jordan block matrix of rank the length of
Ai. Further since ¢r|sr,,(c) = @, Vi, We can consider the point x4 _ as a tuple of .
With »; an irreducible representation of SLs(C) of dimension i, z,,, once written
in Jordan form, is a matrix with only one block of maximal dimension ¢ (i.e is an
element in a nilpotent regular orbit), that is, whose non-zero entries exactly match
the ones of Vy,. The 1’s in such Jordan block constitutes a linear endomorphism of
degree +1 as in Lemma 6.4.

We now reorganize the infinitesimal parameter so that g-exponents on the diago-
nal are decreasing, and describe the Vogan variety using this dominant infinitesimal
parameter. The same operation (conjugation by a permutation matrix) is applied
to x4, . For each g-exponent i, we need to show there are as many maps between
the ¢’-eigenspaces and the ¢'*!-eigenspaces (which form one of the block matri-
ces constitutive of V) as the multiplicity of the ¢**! entry in the diagonal matrix
(the rank of the block matrix). This means the rank of maps from E : to Ei+1
is maximal, for each i. Further, the compositions of such maps need also to be of
maximal ranks. This follows from the understanding that there were "enough" such
maps in the initial expression of x4 € []] V; and that these maps were preserved
when applying the permutation matrix. This follows by Lemma 6.4. Further, since
for each i, we have that this linear endomorphism S satisfies S(Ei) = Egiv1, it
implies that S™(E,i) = Eji+n, whenever this expression makes sense. This means
the compositions of maps between eigenspaces need also be of maximal ranks. This
directly implies that x4 _ lies in the open orbit.

As explained in | , Section 10.2.1] when passing from the case of a
group of type A, to the classical forms of B,,C, or D, simply results in an
identification of the ¢’-eigenspace of A\(Fr) with the dual of the the ¢~*-eigenspace:
Ey = E;_,. Using this identification, Jo€l Benesh has proved in its master thesis
[ , Proposition 3.21] that whenever we deal with root systems of type B
(resp. C), and with integral (resp. half-integral) powers of ¢, the Vogan variety
is: Hom(Eg1, Egp) x Hom(Eg2, Egr) x ... Hom(E, Ege—1) (resp. Hom(Eg1, Egp) x
Hom(Eg, Ep ) x...Hom(E, Eje-1) X Sym? (E,¢) where ¢ = [k/2] for k the number
of distinct eigenvalues of A. This means that the symmetrical aspect of classical
groups allows us to argue using only the positive g-eigenspaces. (I

Remark 6.7. The reader familiar with the dictionary between multisegments and
rank triangles (see for instance a nice account in | |) would note that the
shape of x4, € ‘mp correspond to rank triangles with 1 on the first lines. We
may denote z;;—1 € Hom(E,:, E,i-1) and note that the orbit of V) under H) are
parametrized by the ranks of the z;;_; and z;;, leading to the notion of rank
triangles. Here, we have multiplicities 1, and the ranks of the z;;_1 equal to 1 for
each \;, 7 € {1,2,...,75}. As the ranks of the x;;_; are maximal (i.e equal to the
multiplicities), and further the ranks of their compositions are also maximal, our
orbit in “mg is the open one. When we apply the permutation matrix and consider
now the parameter A = (\1,..., ;) in g, we just add the multiplicities and the
ranks of each rank triangle. Then the ranks remain equal to their maximal values
(in particular, equal to the multiplicities on the first line of the rank triangle) and
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we land once more in the open orbit in “g. A key observation, justifying why we
are just adding them, is the fact that our segments are nested.

6.5. The tempered case. We will use the characterization given in | ,
Proposition 111.4.1] of (essentially) tempered representations: Essentially tempered
(non-discrete series) representations of a group G are subquotients (equivalently,
direct summand) of the normalized parabolic induction of an essentially discrete
series representation of a Levi subgroup. Let us recall the desiderata for the
Local Langlands correspondence as given by Borel (| |, and see for instance
[ ]). We need to introduce enhanced Langlands parameters in the sense that
we add an irreducible complex representation p of the S-group of ¢: Sy = Z5(¢)/
Ze(6)°Z(GY".

Desiderata 6.8 (Desiderata for the Local Langlands Correspondence, Borel | D).

o We assume (¢ar, par) € Pe(M) is bounded. Then
{qu,p : ¢ = ¢ar composed with Ln: FM — LG,p\g(bM contains pM} (9)

equals the set of all irreducible constituents of the parabolically induced
representation IS (Tpy, par)-

o Furthermore if ¢pr is discrete but not necessarily bounded then (9) is the
set of Langlands constituents of IS (T gy, pu)-

Proposition 6.9. Let w be an irreducible tempered representation of a split classical
group G or any of its pure inner forms, ¢ its Langlands parameter. Then x4 is
open in Vy.

Proof. Since 7 is an irreducible tempered representation, it is a direct summand of
the normalized parabolic induction of an essentially discrete series representation
of a Levi subgroup. Its Langlands parameter ¢, is equal to “n(¢a) with ¢a a
discrete unbounded parameter. For a discrete unbounded parameter ¢, we have
shown in Theorem 6.6 that = lies in the open orbit. We then need to show that
Ly preserves this openness property. Note that the Levi subgroup of G, a classical
group, is always a product of general linear subgroups with a classical subgroup
of the same type as G, implying that ¢pr = (daL, dc), where ¢dgr, denotes the
parameter of the (product of) general linear subgroup(s) and ¢¢ the parameter of
the classical subgroup. Both are open, and the infinitesimal parameter attached
to them is also a pair, (Agr,Ac¢), where A¢ has been lengthily described when
considering discrete parameters, and Aqy, is necessarily a set of segments centered
around zero.

Therefore, to the parameter A\¢ composed of nested segments, one adds a set
of segments that will be either disjoint from the previous set (in particular if the
parity of the rank of the general linear part and the classical group part differ) or
nested with them. Let us define “n* : 'y : 'm — Lg induced by ©n. Once more,
we need to understand if x4 = “n*(z4, ) = Py, P~' remains open whenever
@r, 18, where P denotes the permutation matrix used to reorganize X\ so that it
is a decreasing sequence of (half)-integers. Since the segments composing A are
nested, or completely disjoint, the observations made in the proof of Proposition
6.6 and Remark 6.7 still hold. When reorganizing A so that it is a decreasing
sequence of (half)-integers, we simply add multiplicities of g-exponents, and add
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the ranks of the Hom(E,:, E4i-1)’s (all equal to 1 before reorganization), as well as
their compositions, so that the ranks remain maximal with respect to multiplicities,
implying the openness of ¢, € V). (]

Proposition 6.10. Let ¢ be a Langlands parameter of a classical split group G
or any of its pure inner forms, factoring through some subgroup “H of “G, and
with infinitesimal parameter \. If ¢ is such that Tolp, lies in the open orbit of the
Vogan variety Vy|, ., then it lies in the open orbit in Vy. Further, this implies that
parabolic induction preserves the openness of a Langlands parameter.

Proof. A direct consequence of the Lemma 6.4, and following the argumentation of
the proof of Propositions 6.6 and 6.9. We use the definition of the Vogan variety in
terms of product of homomorphisms spaces which has been defined, in | I,
for classical groups only. ([l
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