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ABSTRACT. The goal of this paper is to provide a complete and refined study of the L-functions
L(7,Std, s) for certain non-generic cuspidal automorphic representations 7 of G2(A). For a cuspidal
automorphic representation m of G2(A) that corresponds to a modular form ¢ of level one and of
even weight on G2, we explicitly define the completed standard L-function, A(m, Std, s). Assuming
that a certain Fourier coefficient of ¢ is nonzero, we prove the functional equation A(mw,Std,s) =
A(m,Std, 1 — s). Our proof proceeds via a careful analysis of a Rankin-Selberg integral that is due

to the work of Gurevich and Segal.
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1. INTRODUCTION

1.1. History. Let G2 denote the split exceptional linear algebraic group over Q of Dynkin type Ga,
and suppose that 7 is a cuspidal automorphic representation of Ga(A). The study of L-functions
associated to such representations has a substantial history. Piatetski—Shapiro, Rallis and Schiff-
mann [13] were the first to study such an L-function by constructing a Rankin-Selberg integral for
the tensor product L-function of m and a cuspidal automorphic representation on GL3 . Their result
applies to the 7 that are globally generic, that is, those 7 that admit a nonvanishing Whittaker co-
efficient. Later Ginzburg [5] proved that for generic 7, the partial standard L-function L° (7, Std, s)
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has a meromorphic continuation with at most a simple pole by constructing an appropriate Rankin-
Selberg integral.

For cuspidal representations m that are not necessarily generic, the corresponding Rankin-Selberg
integrals were constructed in the works of Ginzburg and Hundley [6], Gurevich and Segal [10] and
then Segal [16]. It was proven in [16] that the partial standard L-function of such a representation
7 admits a meromorphic continuation to the complex plane. However, bounding the poles of the
L-function L° (7, Std, s) in a left half-plane, and proving a functional equation relating its values
at s to its values at (1 — s) are difficult problems. This is, in part, due to the difficulty of analyzing
local L-functions and local zeta integrals at the ramified finite places and at the archimedean place.

1.2. Statements of results. Modular forms on Gy were introduced by Gan, Gross and Savin in
[4]. Briefly, these are automorphic forms on G2(A) that correspond to representations in the form
T = T @ To Where 7y denotes a representation that is unramified at every finite place and 7 is
a certain quaternionic discrete series representation of Gi2(R). Let K denote a maximal compact
subgroup of G2(R), so that K ~ (SU(2) x SU(2))/{£1} with the first copy of SU(2) being the long
root and the second being the short root. Then for £ > 2, there is a discrete series representation
T0.00 Of Go(R) whose minimal K-type is Sym2/(C?) X1 as a representation of SU(2) x SU(2). Such
representations 7y o, are not generic.

Let £ > 2 be an even integer. We define the archimedean L-factor as
Loo(Tp00,8) =Tc(s+€—1)'c(s+O)c(s+20 — 1)I'r(s+1).

Here

Tr(s) = *?T(s/2) and Tc(s) = 2(2m) T (s),
where T is the usual gamma function. It is worthwhile to point out that Gross and Savin [9, p. 168]
had previously defined the archimedean L-factor for representations of the compact group G5 (R).
We easily see that our archimedean L-factor agrees with theirs by setting ky = 0 and ko = ¢ —2 in
their notation.

For such representations m = m§ ®my o, an L-function L(m, Std, s) is defined. Then the completed
L-function is given by

A(m,Std, s) = Loo (74,00, 5) L(, Std, s).
Our main results concern these L-functions.

Further, we recall that such a representation 7 has an associated cuspidal modular form ¢, on
G2 that has weight ¢ and level one. It is proved in [4] that the Fourier coefficients of such a modular
form ¢, depend on a cubic ring 7" such that T® R ~ R x R x R. We thus denote them by a,, (7).

Our first result is as follows.

Theorem 1.1. Suppose that ¢ is a level one cuspidal modular form on Ga of positive even weight ¢
that generates the cuspidal automorphic representation w. Further, assume that the Fourier coeffi-

cient of o corresponding to the split cubic ring Z X Z X Z is nonzero. Then
A(m,Std, s) = A(m, Std, 1 — s)
for all s € C.



It should be noted that at present, we do not know whether there exists such a level one, even
weight cuspidal modular form ¢ with a nonzero Z x Z x Z Fourier coefficient. However, it is certainly
expected (by analogy with Siegel modular forms of genus two) that these modular forms exist in
abundance.

The proof of Theorem 1.1 is based on a refined analysis of the Rankin-Selberg integral in [10].
Moreover, a Dirichlet series for the L-function L(m, Std, s) follows from the proof of Theorem 1.1.

We also have

Corollary 1.2. Let the assumptions be as in Theorem 1.1, and let a,(T') denote the Fourier coefficient
of p corresponding to the cubic ring T that satisfies T @ R ~ R x R x R. Then
Z Clcp(Z =+ nT) . ( 3) L(ﬂ', Std, S — 2€ + 1)
(73 . T)s—tHns — %7 7(¢(s — 20 +2)2¢(2s — 40+ 2)

TCZ3 n>1

Here the sum is over the subrings T of Z x Z X Z and integers n > 1.

In [14], Pollack gave a streamlined account of the Rankin-Selberg integrals in [10] and [16]
whereby simplifying some of their computations. He used his analysis of the Rankin-Selberg integral
to provide a Dirichlet series representation for the standard L-function of modular forms on Go
outside of the primes p = 2 and p = 3, and began some calculations of the archimedean zeta integral
associated to the global Rankin-Selberg convolution. Thus, Theorem 1.1 and Corollary 1.2 bring
the work that began in [14] to completion.

Observe that by studying the archimedean factor Lo (7 o0, 5), one can verify that the integers
1,3,5,...,¢ — 1 are critical for L(m,Std,s) in the sense of Deligne, that is, both of the values
Loo(T,00,8) and Log(7p00, 1 — s) are finite at these integers. It would be extremely interesting to
obtain a special value result in the direction of Deligne’s conjecture for these L-values. While such
a result is beyond the reach of our methods, we can obtain a result on what can be considered the
most basic special value, namely, a result on the trivial zeros of the L-function L(w,Std,s). This
is a direct corollary of the functional equation of the completed L-function. In more detail, the
completed L-function A(w,Std, s) is finite and nonzero for Re(s) > 0, and also for Re(s) < 0 by
using the functional equation. However, the archimedean factor Lo (7 oo, s) has poles at negative
integers of sufficiently large absolute value. These poles are compensated for by the zeros of the
standard L-function. We therefore deduce the following from Theorem 1.1.

Corollary 1.3. Let the assumptions be as in Theorem 1.1. Then L(w,Std, s) vanishes to order 3 at
negative even integers of sufficiently large absolute value, and vanishes to order 4 at negative odd

integers of sufficiently large absolute value.

1.3. Outline of the proof of Theorem 1.1. As mentioned, our proof of Theorem 1.1 is based on a
refined analysis of the Rankin-Selberg integral in [10] and is a continuation of the work in [14]. Let
G denote the split group Spin(8). If ¢ is a modular form on G2 of weight ¢, then by definition, ¢ is
a Vy-valued automorphic function on Go(A), where V, = Sym?*(C?) (see [14] for a more detailed

account on modular forms on G3). For a normalized Eisenstein series E; (g, s) on G(A) that takes
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values in V, we will consider the Rankin-Selberg integral

Ii(p, 5) = {e(9), i (g, 8)}x dg.

/GQ(Q)\GQ(A)

Here {-, -} i is a K-equivariant pairing V,;® V; — C. In order to obtain Theorem 1.1, we will prove
that
12(307 S) = aﬁP(ZS)A(W? Stda s — 2)

up to a nonzero constant, and that the Eisenstein series E; (g, s) satisfies the functional equation

E;(g,s) = E; (9,5 — s).

For the proof of the first statement, we will analyze local integrals I,,(s) for finite primes p which
will be defined in (3.4) and an archimedean integral I*(s; ) defined in (8.1), and prove that these
local integrals are equal to the corresponding local L-factors up to some simple factors. For p > 5,
the local integrals I,(s) were analyzed in [10]. To carry out the computation of these integrals
for p = 2,3, we follow a method in [14] and use some results on cubic rings. The analysis of the
integral I*(s;¢) was begun in [14], where the computation was reduced to that of an integral J'(s)
over the space of real binary cubics of a general form that was previously considered by Shintani
[19]. We will evaluate the integral J'(s) explicitly in terms of the gamma function, thereby proving
that I*(s;¢) = L(7¢,00, 5 — 2) up to a nonzero constant.

To prove the functional equation for £} (g, s), we will use Langlands’ functional equation for the
Eisenstein series. Since our Eisenstein series £} (g, s) is not spherical at the archimedean place, we

will make a careful analysis of certain archimedean intertwining operators.

Remark. The methods in this paper are somewhat flexible but also have some limitations. For
instance, in terms of the calculations of the unramified integrals at the finite places, our restriction
to Q is simply for convenience. These calculations would follow just as easily over other ground
fields. However, where we really use our assumption that Q is the ground field is in the archimedean
calculation. Indeed, we do not expect that the calculations in Sections 7 and 8 will have close
analogues for other number fields.

Also, notice that we have several assumptions on our modular forms on Gs. Firstly, we only
consider modular forms of level one. This allows us to do an unramified computation at every finite
place. Without this assumption, it would also be difficult to obtain a precise functional equation
for an Eisenstein series that is used in the Rankin-Selberg integral. We also restrict our discussion
to quaternionic modular forms due to reasons that can be considered to be purely archimedean. For
such modular forms, we can define a completed L-function, prove its relation to the global Rankin-
Selberg convolution, and prove its functional equation. This archimedean assumption does not
make the unramified computations any easier or different. However, by working with quaternionic
modular forms, we are able to compute the archimedean integral as in Section 8. We would not
expect to be able to do an analogous computation for non-spherical, non-quaternionic automorphic
forms.

Finally, note that we only consider the Z x Z x Z Fourier coefficient of quaternionic modular forms.

This assumption is used to make the unramified calculation as simple as possible at every finite
4



place. In particular, replacing Z x Z x 7Z with another maximal totally real cubic ring, we would
still expect to be able to do the resulting archimedean calculation. Importantly, Theorem 1.1 and
its corollaries require that our modular form supports a nonzero Fourier coefficient corresponding
to the split cubic ring Z x Z x Z.

1.4. Organization of the paper. We now give an outline of our paper. In Section 2, we setup some
notation. In Section 3, we give an overview of the Rankin-Selberg integral and present our strategy
to calculate the non-archimedean L-factor. In Section 4, we prove some results that relate some
cubic rings to some binary cubic forms. In Section 5, we compute the Fourier coefficient of the
so-called approximate basic function. In Section 6, we complete the computation for the case of
unramified primes. This involves computing the function ®,, (¢, g), which is defined in (3.5) and is
related to the inducing section of the Eisenstein series, and some calculations with certain Hecke
operators. In Section 7, we prove the functional equation of the Eisenstein series £} (g, s), and then
we compute the archimedean zeta integral I*(s; /) in Section 8. In Section 9, we combine our work

and prove our main results.

1.5. Acknowledgments. This paper is an outgrowth of the workshop Rethinking Number Theory:
2020 that was organized by Heidi Goodson, Christelle Vincent and Mckenzie West. The authors
would like to extend their sincere thanks to the organizers of this workshop, without which this
paper would not have been written. We also thank the anonymous referee for reading the manuscript
very carefully and providing many valuable comments and suggestions.

2. SETUPS

2.1. Octonions and reductive groups. It is well-known that G is defined as the automorphism
group of an octonion algebra. In this section, we use the split octonions algebra © in the Zorn
model (see [14, Section 2.1]) to view G as a subgroup of Spin(©). We will review some of the
notation used in [14]. The representation V3 of SL3 and its dual representation V3’ will be fixed.
The space V3 has a standard basis {e1, €2, e3} and V3” has the dual basis {e}, €3, €5}. Note that for
each j =1, 2,3, we make the identifications

0 e 0 0
ej€V3<—>< ej>€@ and €;EV3V<—>< )E@.
0 0 e; 0
Using the quadratic norm on O, we can define the group G’ = SO(0). Now, let G denote the
algebraic group Spin(©) defined as

G = {(91, 92, 93) € SO(0)® : (g121, go2, gsw3) = (w1, w2, w3) for all x1, 20,23 € O},

where (x1, 29, x3) = tre(z1(z223)). We fix a map proj; : G — G’ as (g1, 92,93) — ¢1. This map

induces an isomorphism on Lie algebras.

Let ©g be the standard maximal lattice in the Zorn model. Then ©g consists of the matrices
(% d) where a,d € Z, v is in the Z-span of the {ej,e2,e3} and ¢ is in the Z-span of {e}, e}, e5}.
We denote K = Hp K, where K, is the hyperspecial maximal compact subgroup of G(Q,) that

is specified as the stabilizer of (g ® Z,)? inside of G(Q,). That K, is hyperspecial follows from
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[7, Section 4] and [2, Proposition 5.4]. Similarly, we let G2(Z,) be the stabilizer of ©g ® Z, inside

G2(Qp); this is a hyperspecial maximal compact subgroup.

We define a maximal compact subgroup of G'(R), K/_, as follows. Given v € V3, suppose that

(oo}

v € V3’ is given by the linear mapping e; — e; on V3. Similarly, if ¢ € vy, let 5 in V3 be given by
the linear mapping €7 — e;. We also define a quadratic form gmaj on © @ R by

i () =44 0.0+ o)

where (,) denotes the evaluation pairing between V3 and V3'. Then K is defined as the subgroup
of G'(R) that preserves the quadratic form gmaj. We now let Koo C G(R) be the inverse image of
K!_ under the map proj; : G — G'.

Put another way, we define + : © — O as

(aD-(57)

= (¢ d), then gmaj(z) = (z,¢(x)). Conjugation by ¢ induces a Cartan involution on G’ and on
G2 C G (see [14, Claim 2.1]).

2.2. Lie algebra definitions. The maps Go — G — G’ induce Lie(G3) — Lie(G’) ~ A?0. This
embedding is the one specified in Section 2.2 in [14], and we will use notation from that section.

The Heisenberg parabolic Py of G is defined to be the one which stabilizes the line spanned by
Ei3 =e5Ner in A20. The Heisenberg parabolic P of G5 is similarly defined as the stabilizer of the
line spanned by Ei3 in Lie(G2), thus Po N Ge = P

2.3. Setup for K. Let
K, = S(0(4) x O(4)) = {(g1. 92) € O(4) x O(4) : det(g1) det(g2) = 1}.

We remind the reader that SO(4) = (SU(2) x SU(2))/{%1}. Thus there are four copies of sly in
Lie(K~) ® C. We now make this explicit since these sly’s will be used in Section 7. Also note that
Lie(K) C Lie(G’) ~ A?0. Let

(21) {bl) b27 b37 b47 b—47 b—3) b—27 b—l} = {617 6§7 €2, 6;, —€g,€1, —€3, —61}

in order. Here e = ({ ) and eo = (§9). With the basis {b1,bs, b3, bs,b_s,b_3,b_2,b_1} of O,
one has (bj,by) = (b—;,b—x) = 0 and (bj,b_) = 0;z. The involution ¢ satisfies ¢(b;) = b_; and
t(b_;) =b; for j =1,2,3,4. Define

(bl +b_ ) Ug =

Uy = (b2 +b_ )a

E\
&\

(b3+b 3), v2= (b4+b 1)

U1 =

%\
%\



and

1 1

U—1 = E(bl - b—l)a U—2 = E(bz - b—2),
1 1

V-1 = 7(1)3 — b_3), V_9 = 7(()4 — b_4).

V2 V2

With the above notation, we now specify the four copies of sly in Lie(Ky) ® C. One copy of sly
has the basis consisting of

+:1<

e c 5 Uy — iUQ) A (Ul — iUQ),

o W =i(up Aug +v1 Avg),
1 ) .
o [T = —§(u1 +dug) A (v1 + ivg).

The other sly from the first SO(4) in K., = S(O(4) x O(4)) is obtained by replacing vy with —uvy
in the above formulas. Thus it has a basis that consists of
e 1 . .
e = §(u1 —dug) A (v + iv2),
o W' =i(up Aug —v1 Avg),
1
° f,+ = *i(ul + ’iUQ) AN (Ul — ivg).

The third copy of sls has the basis consisting of

1

e e = 5(71,_1 —iu_g) A (v_1 —iv_3),
e hm = —i(u—1 ANu—2+v-1 ANv_3),

1 , .
o T = _§(U_1 +iu_g) A (v_1 + tv_2).

Finally, the basis of the fourth copy of sls consists of
1 . )

o = §(u_1 —du_2) A (v_1 +iv_a),
e W™ = —z'(u_l NUu_o2 —vV_1 A 7)—2)7

1
° f/— — —§(U_1 + iu_g) A (’U_l — iv_g).

The compatible Cartan involutions on G2 and G, and the embedding G2 C G picks out a distin-
guished sly of the above four, the image of the long root sly of Go. The long root sls is given in
Section 4.1.1 in [14] or equivalently, by combining the discussion in Section 5.1 and Section 4.2.4 of
[15]. From Section 4.1.1 in [14], we obtain
= (extef—iles +e) A e — e —ilea + €3),

F=-Fand H = [E, F].

With the identification in (2.1), it follows that the long root sly of G2 maps into the third copy
of sly in Lie(K+) ® C that was given above.

We denote by C? the representation of Lie(K ) ® C which is the two-dimensional representation
of the long root sly and the trivial representation of the other sly’s. Let {z,y} be a basis of C? on
elements on which H acts as 1, —1, in order, and for which F'xz = y. The even symmetric powers in

Sym?(C?) exponentiate to representations of Ko, and have the basis {22/, 22/~ 1y, ..., 232~ y?}.
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2.4. Binary cubic forms. Here, we briefly recall some aspects of binary cubic forms, as studied in
[14], that will be used in the next subsection.

Let V5 denote the defining representation of GLs. The space
W = Sym?® (V) @ det(Va) ™

is the space of binary cubic forms. If f(w,z) = aw® + bw?z + cwz? + dz* is a binary cubic and
g € GLo, then we define g - f to be the binary cubic

(g : f)(w7 Z) = det(g)ilf((wﬂ Z)g).

Also, we will sometimes use a right action of GLo on the space of binary cubics. We define

§—< N —q) forg—(p q)EGLg,
—-r p ros
so that gg = det(g). We then define
frg=9-f=det(9)’f((w,2)g7").
There is a GLg-equivariant symplectic form on W that is defined as

bd b
(aw® 4+ bw?z + cw2? + dz*, d'w® + Vw?z + dw2? + d'2*) = ad — ?c + % —dd’.

We have
<gf7gf/>:det(g)<f7fl> and <fvgf,>:<fg7f/> for all f?flEW

There is a GLg-equivariant quartic form on the space W. For v = aw?® + bw?z + cwz? + dz3 € W,
this is given by

_ benz 4 5 4 3 4o
qv) = (ad 3) + 57 0C + 27db 27() c
1
= ——(—27a%d? + 18abcd + b*c* — 4ac® — 4db?).

27
2.5. Characters of the Heisenberg parabolic. Throughout the paper, we fix the standard additive
character to be ¢ : Q\A — C*. We will abusively denote the p-component of this additive character
by 1. Thus, if z € Q, and x = x¢ + x1 with ¢ € Z), and 1 = m/p", then

1/)(95) — 627ri3:1 .

We let N denote the unipotent radical of the Heisenberg parabolic P of GGy and let M denote
the Levi subgroup of P that also stabilizes the line spanned by FEs;. We identify M with GLs as
in [14, Section 5.2]. We now recall this identification. Suppose that g € GLg has the matrix (‘; 3)
Then the action of g on © is given by

® c1 — aey + cej
o i — bey + dej
o (ad — bc)ey — adey + abel — cdey — beeg

e (ad —be)es — acer + aze§ — %ey — acey



e (ad — bc)eg — —bder — b?e} + d%es + bdes

o (ad — bc)ea — —bcey — abes + cdes + ades
On another note, a binary cubic form provides a character of V. Let Z denote the one-dimensional
center of N. Denote by W the representation Sym3(V2) @ det(V2) ™! of M ~ GLy. The exponential
map provides an identification exp : W ~ N/Z as specified in [14, p. 18]. Namely, to the binary
cubic

u1x3 + UQ.sz + u;»,ny + U4y3,

we associate the element
Uz
3
Now, if w € W, then n — 9 ({w, 7)) defines a character of N. Here 7 is the image of n in N/Z ~ W

and v is our fixed additive character.

u . .
u1Eng + 1+ 5353 +ugFEo3 in Lie(Ga).

3. THE RANKIN-SELBERG INTEGRAL

In this section we give an overview of the calculations that will be done in the rest of the paper.

3.1. The Eisenstein series. We begin by defining various Eisenstein series on the group G. Recall
that Pg denotes the Heisenberg parabolic of G. We denote its generating character by v : P —
GL1, so that
0pg(p) = lv(p)I.
Let Ey(g, s) be the Eisenstein series of weight ¢ on G that is normalized with a flat section. More

precisely, if z and y denote the variables in Sym?(C?), define f;(g,s) to be the unique section in

G(A)
Ind Per(A

(1) fe(kg,s) =2y’ for all ky € Ky C G(Ay),

(ii) fo(gk,s) = k™1 fu(g,s) for all g € G(A) and k € K.
n this paper we use an unnormalized induction). en the HEisenstein series 1s given by
In thi lized inducti Th he Ei i b

Eg(g,S) = Z fﬁ(’ygvs)‘
v€Pc(Q\G(Q)

Let A(s) be the completed Riemann zeta function, that is,

)(MS) which is valued in V, = Sym?(C?) and satisfies the properties

S

A(s) = 75T (5) C(s).
For our purposes, we define a normalized Eisenstein series as
s+L—1DI(s+¢—2)
I'(s—1)I'(s—2)
It will be convenient for our calculations to define another Eisenstein series. Let ®; be the

Schwartz-Bruhat function on A20 ® A ¢ that is the characteristic function of A20p ® 7. Note that
d is stable by K. For g € G(Ay), we define

(3.1) E;(g,5) = A(s — 1)2A(s)A(2s — 4)F( E(g,s).

Frvolg, B, ) = / 150 (1~ Eng) dt,
GLl(Af)

9



where fi. stands for the finite part of f. Also, let

f(gu <pf7 S) = ffte(gf7 (bf7 S)ff(gOO) S)'
Because @ is K s-stable, it is immediate that f(g, ®f,s) = ((s)fe(g,s). We set
(32) E(g,q)f,S) = Z f(797¢f78)
7EPG(Q\G(Q)
Then the Rankin-Selberg integral is defined as

I(p, @, 5) = / {0(9), E(g. @7, )} do.
G2(Q)\G2(A)

Recall that here ¢ is a modular form on Gy of weight ¢. In particular, ¢ is valued in Vj, and
constructed from a cuspidal automorphic representation 7 = 7y ® T With 7o, a quaternionic
discrete series of minimal K-type V) ~ V,. The term {¢(g), E(g, ®f,s)}k is the K-invariant
pairing of these two V-valued automorphic functions.

3.2. The unfolded Rankin-Selberg integral. We now explain how the Rankin-Selberg integral
I(¢,®f, s) unfolds.
Let vg € W be the binary cubic

2

vp = w?z + w2 = wz(w + 2).

Also, let x be the character of N(Q)\NN(A) determined by vg as in Section 2, and set

ox(9) = / X~ (n)p(ng) dn.
N(Q\N(4A)
Define
vE = €1 A (e1 + e3),
which is an element of A20. Let N%¥ C N be the subgroup consisting of those n € N for which
<1)E,ﬁ> =0.

Theorem 3.1. We have

(3-3) I(p, @y, 5) = {F (09, @, 5), px(9) } e dg,

/NO’E(A)\G’(A)
where vo € G(Q) satisfies yalElg = Ug.

The proof of this theorem is due to Gurevich and Segal [10, 16], but its above form is essentially
Theorem 5.2 in [14].

3.3. Local integrals. In order to analyze I(p, ®¢,s), we must consider associated local integrals
at every place of Q. In this section, we describe these local integrals and also deduce the main
theorems of the paper.

The integral at the archimedean place is given by

I(s:0) = / (109 8), W (9) ¢ d.
NO.E(R)\G2(R)
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Here W, is the generalized Whittaker function of [14, Section 4] and [15]. Now, in view of the

normalization of the Eisenstein series in (3.1), note that

IF(s+¢—1I'(s+£—2)
I(s—1)I'(s—2)

Thus we suitably define a normalized archimedean zeta integral as

Tr(s — 1)°Tr(s)Tr(2s — 4)

=2Tr(s — DI'c(s+ £ —1)Tc(s+ £ — 2).

I"(s;0) = 2°Tr(s — 1)Tc(s+ € — D)e(s + £ —2)I(s;0).

This integral will be computed in Section 8. In Theorem 8.1, we prove that I*(s;¢) = L(m¢,00,5—2)
up to a nonzero constant.

We now describe the local integrals at the finite places. Let ®, denote the characteristic function
of A20¢ ® Z, and

Fo(g, @), 8) = / 5@, (tg ™ Ers) dr.
GLl(Qp)

Here f,(g, ®p,s) is also the associated local inducing section, so that f,(1,®,,s) = (y(s). Let Vi,
denote the space of representation m,, and write vy for a spherical vector. Suppose that £ : V; — C
is an (N, x)-functional, that is,

L(nv) = x(n)L(v) forall n€ N(Qp) and v € V.

At a finite place p, we will compute

(3.4) I,(s) =1p(L,s) := / fp(v09, ®p, 5)L(guo) dg
NO’E(Qp)\G2(Qp)
= / [t @, (t, 9)L(gvo) dt dg,
N(Qp)\ GL1(Qp) xG2(Qp)
where
(3.5) o, (t,9) = / X(n)fbp(tg_ln_lf}i) dn.
NO’E(Qp)\N(Qp)

We will prove the following theorem.

Theorem 3.2. We have
L(mp,Std, s —2)
Gp(s = 1)2Gp(2s — 4)

(3.6) Ip(s) = Ip(L;s) = L(vo)

The proof of this theorem proceeds by following the strategies in [10, 14, 16].

Let V7 be the perpendicular subspace to 1 in ©, and set V7(Z) = V7 N ©y. Similarly, define
Vi(Zyp) = V7(Z) ® Zy,. Note that because G stabilizes 1, V7(Z,) is stabilized by Ga(Z,). We write
r7 : Go — GL(V7) for the action map.

We now define two Hecke operators on Gs. First, for t € GL1(Q)) and h € G2(Q)), let

A(t, h) = char (t - r7(h) € End(V7(Z,))).
11



We call this the approximate basic function (see Section 5.3 in [14] for some remarks on this

terminology). Define another Hecke operator on Gy as

T = p~3 x char (g € G2(Qyp), pri(g) € End(V7(Zp))).

For ease of notation, let z = p~*. In order to prove (3.6), we will prove that

/ HF2A (L, 9)(gvo) dt dg
(3.7) GL1(Qp)xG2(Qp)
— M(m), s) / 7, (1, ) (guo) dt dg,
N(Qp)\GL1(Qp) xG2(Qp)
where
M(mp,s) = (1 —pz)(1 — 2)No(mp, s — 1)Cp(s)2Cp(2$ -2),
and

1 22 2 1,3, 202
No(mp, s)vg =1+ (p~" + 1)z + e (P2 +p 1)’ + o ?T.
Proving (3.7) implies our desired relation between I,,(£;s) and L(mp, Std, s) as in Theorem 3.2, this

is essentially Proposition 7.1 in [10]. For an explanation of this implication, see Section 5.3 in [14].
Now, (3.7) has been proved for p > 5 in [10] and [14]. We will prove it for p = 2,3 as well.
To do so, we will compute the left-hand side and the right-hand side of (3.7) separately and show
that they are the same. The left-hand side will be considered in Section 5 and the right-hand side
will be computed in Section 6. In order to do these computations, some properties of binary cubic
forms and their relations to cubic rings will be useful. We spell these out in the next section.

4. THE ARITHMETIC INVARIANT THEORY OF BINARY CUBICS

We will provide some necessary results on the relationship between binary cubic forms and cubic
rings. We refer to [4, Section 4] and [8] for a primer on this relationship.
Suppose that
f(w, z) = aw® + bw?z 4+ cwz? + dz3
is a binary cubic over some ring R. One associates to f the cubic R-algebra T with the basis
{1,w, 0} and the multiplication table

o wl = —ad
o w?=—ac+abh —bw
e 02 = —bd + cl — dw.

Following [4, Section 4], we call such a basis a good basis. Suppose that m = (i mi2) is a 2 x 2
matrix with coefficients in R. Write T, for the R-lattice in 7' that is spanned by {1,mjjw +
mi26, majw + maogf}. Let w” and 6” be defined by the relation

(o )=mC )=o) ()

=m = .

9” 0 mo1 Moo 0

One can naturally ask what condition guarantees that T, is closed under multiplication. This

question is answered by the following proposition.
12



Proposition 4.1. Suppose R has characteristic 0. Set
f/(wvz) =m- f(wvz)v

where the action is as given in 2.4 and includes a 1/det(m) factor, and write f'(w,z) = a'w? +
Vw?z + dwz? +d'23. With the notation as above, the R-lattice T}, is closed under multiplication if

and only if

(i) f'(w,z) has coefficients in R, that is, a’,b',c/,d € R,

(¥ )z *) ot

To prove this proposition, we require a lemma. With the same notation as above, set w” =
miiw + mi20 and 6” = mojw + maoeb. Let ' and €' in T ® Frac(R) be defined by

() =m(5) 3 {( L) -m( 1)} eroman

Finally, let wy = w + 2 and 6y =  — £, so that tr(wp) = tr(6y) = 0.

Lemma 4.2. The elements ' and 0’ have the multiplication table
(i) W0 = —d'd
(ii) w? = —d'd +d¥ — v’

(iii) 0" = —b'd + 0 —d'w'.

Proof. This lemma is well-known. It essentially is the statement that the association of based cubic
rings to binary cubic forms is equivariant for the action of GLs. For completeness, we give some
details regarding a proof.

First, instead of checking the multiplication table above of {1,u’,6'}, we verify the equivalent
/

multiplication table for ( (;/0 ) = m( (;(()) )

0
Now, the trace 0 basis {wp, 6o} which has the multiplication table
b c be
o woby = 590 — go.)() + <9 — ad)
b 2
o wWi=afy— W0 + 5(62 — 3ac)

We wish to prove that the multiplication table for {wy, 6} has the same form, with a, b, ¢, d replaced
by a',b', ¢, d’, respectively. To do this, we first write the multiplication table of {wq, 0y} as

(wo>( 9 )_1 3a b 9_1 b ¢ w+1 262 — 6ac  bc — 9ad
g )00 T3 e ¢ )73 e 3¢ )T 0\ be—9ad 22 —6ba )

13



Then we obtain

1 2b% — 6ac  bc — 9ad ¢
+ -m m.
9 bc — 9ad 2c¢? — 6bd

Equivalently, this is

/ 1 3a b b
() 0= g (o ()t emn () o)
0
1 - 3a b b ¢
+ g det(m) 1 <m11m ( b . ) mt + miam ( . 3 ) mt) 06

1 (262—6’@0 bc—9ad> ‘
m'.

_‘_7
9"\ be—9ad 2¢—6bd

Then
Wi 1( 3d V 1V 1 [ 202 —6dc b —9dd
/0 (w(IJ 06):7 / / bo — 5 / , Jwot g /7 1 2 7
0 3\ YV ¢ 3\ ¢ 3d 9\ b —-9dd 2% —6bd
where we used the definition of the action of GLo on binary cubics and the equivariance of the

Hessian of a binary cubic. The lemma then follows. O

We denote the condition (ii) of Proposition 4.1 by f as below.

T ( _b,c, ) :m( _bc ) (mod 3).

Then the statement of Proposition 4.1 follows immediately from

Proposition 4.3. The following statements are equivalent.

(i) The R-lattice T,, spanned by {1,w",0"} is closed under multiplication.
(i1) The R-lattice spanned by {1,u',0'} is closed under multiplication and 1 holds.
(iii) m - f has coefficients in R and T holds.

Proof. From Lemma 4.2, it is clear that (ii) and (iii) are equivalent. It is also clear that (ii) implies

(i). To prove that (i) implies (ii), we argue as follows. First, we define

(5)=505)+00)
= 4= o,
(52 3 —C 3 C

so that w’ = w” + §; and 0 = 0” + §5. Observe that

w”@” = (w’ — (51)(9/ — 52) =B - (519” — (52&)”
14



for some B € Frac(R). Thus if (i) holds, then d1,d2 € R. Since 1,2 € R, the equalities w’ = w” 441,
0’ = 0" + 09 imply that the R-lattice spanned by {1,w’, 8’} is closed under multiplication, so that
(ii) holds. The result then follows. O

In the case where R = Z,, we can go further.

Proposition 4.4. If Spaan(l,w’,G’) is closed under multiplication, then 1 holds. Equivalently, if
m - f has its coefficients in Z,, then { holds.

Although this proposition has nontrivial content only when p = 3, we write down its proof for

general p.

Proof. The idea is to use the Cartan decomposition of m € GL2(Q,) N M3(Z,). That is, such an
m is a product kitky for some ki, ky € GL2(Zy) and a diagonal element ¢ in GL2(Q,) N M2(Zy).

We first claim that if m = k € GL2(Z,), then { automatically holds for this m. To see this, note
that because k € GL2(Zy), Spang, (1,w, ) = Spany_(1,w”,0"). Thus that { holds follows from the
equivalence of (i) and (iii) of Proposition 4.3.

Now suppose that m = t = diag(ti,t2) is diagonal in My(Z,) N GLa(Zy). Then for such m,
b =t1b and ¢ = tac, and it is clear that if ¢ - f has coefficients in Z,, then  holds.

Now suppose that m = kitks and that m - f has coefficients in Z,. It follows that tks - f has
coefficients in Z,. Thus, from what has been said, t holds for m’ := tky. Applying ki, it follows
that { holds for m, as desired. O

We note the following corollary of Lemma 4.2. Recall that an order is a subring of a K-algebra,

where K is a field and R is an integral domain in K, which is a full R-lattice.

Corollary 4.5. Let R = Zj,, and let the binary cubic f(w,z) correspond to the mazimal order T in
the étale Qp-algebra T' ® Q. Assume that for m € GL2(Q)), the coefficients of m - f lie in Zy.
Then m € Ma(Zp).

mi1 mi2

Proof. Let us assume that m = (i mi2) and T has the good basis {1,w,0}. We have w’ =
miiw + myof + 01 and 6 = maoiw + Mol + do. Since m - f has coefficients in Zyp, Lemma 4.2
implies that Spaan(l,w’ ,0') is closed under multiplication. But then, because T' is maximal by
assumption, this means that w’,0" € T. It follows that all entries of m are in Z,, as desired. O

5. THE FOURIER COEFFICIENT OF THE APPROXIMATE BASIC FUNCTION

In this section, we explain the computation of the left-hand side of (3.7). For t € GL; and
h € GLg >~ M the Levi of the Heisenberg parabolic of G2, define

D, (t,h) :/ x(n)A(t,nh) dn.
N(Qp)
Then, by the Iwasawa decomposition, the left-hand side of (3.7) is

D(s) = / 55L (B [t1+2Dy (t, h) L(hvo) dh dt.
GL1(Qp)xGL2(Qp)
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For p > 5, the D, (t, h) is computed in [14, Proposition 5.7]. Below, we explain that the expression
obtained for D, (t, h) in loc cit continues to hold for p = 2 and 3.
We now recall various notations from [14] that we need to state the computation of D, (¢, h).
First, let
fmax(w, 2) = aw® + bw?z + cwz? + dz*

be a binary cubic form corresponding to the maximal order
Op =7y x Zy x Z, € Q3,

so that frax is some GL2(Z,) translate of wz(w+z). Let {1,w, 8} be the good basis of O associated
t0 fmax. Forxz = (: ’?) € GL2(Qp), T'(x) denotes the Zy-module spanned by {1, dw— 360, —yw-+ab}.
Hence T'(z) = T in the notation of Section 4, where 7 is as defined in Section 2.4. Note that, by the
results of Section 4, if T'(x) is closed under multiplication, then x € M3(Z,) and 7 - fmax = fmax - @
has its coefficients in Zj,, and vice versa.

For a general binary cubic form Q with coefficients in Z,, define N(£2) to be the number of 0’s
of Q in P!(F,). Also, for an element h € GL2(Q),), define val(h) € Z to be the largest integer n so
that p~"h € My(Zy).

Proposition 5.1. Define xzo(h) by zo(h) = p~ " Mh, and set X\ = det(h)/t. Write D (A h) =
D, (t,h), i.e., D;( is the same function as D,, except that it is expressed in terms of the new
vartables A and h. Further, let
1 4 h Lo (Z
clan(h)) = { b o) € ClalZy)
2 Zf xo(h) ¢ GLQ(ZP)
Then

Dy (A h) = | det(\"1h)|~! char (h e My(Z,),val(A™ h) € {0,1}, T(20(R)) a ring)
e if valA\"lh) =0
N(fmax) = €(zo(h)) o valA"'h) =1 [~

Proof. This is essentially Proposition 5.7 in [14]. The proof carries over line-by-line except one
minor change. To aid the reader in checking this, we give some of the omitted details from loc cit
to clarify that the result continues to hold for p = 2, 3.

First, we show that Dy (¢, h) # 0implies h € My(Z,). We have Dy (t, h) = [y 1 ({w,n))A(t,nh) dn,
where w is the element of W that corresponds to fmax. By the change of variable n + hnh™!, we

find that, up to positive constant coming from the change in measure,
DX(t,h):/ O((w, hnh=1Y)A(t, hn)dn.
N

Now, A is right-invariant under Ga(Zy), so if ug € Ga2(Zp) N N, then A(t, hnug) = A(t, hn). Then
by the change of variable n — nug in Dy(t, h), one finds that

Dy (t,h) = ¥ ({w, hugh™ ') Dy (t, h).
16



Thus, for Dy(t,h) to be nonzero, one must have (w,hugh™t) € Z, for every ug € N N Ga(Zy).
It follows that w - h corresponds to a binary cubic form with Z, integral coefficients, and thus
h € Ms(Z,) by Corollary 4.5.

Let us remark upon the one aspect of the proof which is ever so slightly different from the proof
of Proposition 5.7 in [14]. In loc cit, one verifies that D, (¢, h) nonzero implies fmax - Zo(h) has Z,
coefficients. Now, by Proposition 4.4, one concludes that T'(zg(h)) is a ring.

The rest of the proof is as that of Proposition 5.7 in [14]. O

6. NON-ARCHIMEDEAN ZETA INTEGRAL

In this section we compute the right-hand side of (3.7). In the case when p > 5, the calculation
is done in [14], so the new work is for p = 2 and 3. Still, many computations are similar to the ones
in the proof for the case p > 5.

6.1. The computation of ®,,. To compute the right-hand side of (3.7), we first compute the
function @, ,(t,9) in (3.5). The computation of this function is different from the one in Lemma
5.6 of [14].

Lemma 6.1. Suppose that h = (g g) is in the Heisenberg Levi, so that h takes e1 to aey + ce3 and
e} to bey + del. Let fo(w,2) = w?z + wz?. Set A = det(h)/t and b/ = %TL = A Lb). Set

filw, 2) =K - folw, 2), and write f;(w, z) = q;w> + Biw?z + vwz? + 6;23 for i =0,1. Then
‘I)p,x(tah) = [AlAo(A, ),

where Ag(A, h) is the characteristic function of the quantities
e \cZ,
e heZ,
o I fo(w,z) = det(R')~" fol(w, 2)I) € Z,

(5= )

Before we prove Lemma 6.1, we state a corollary of it and give various notations that will be
used in its proof. For a cubic ring T' over Z,, the largest integer ¢ so that 1" = 7Z, + p“Tj for a
cubic ring Ty over Z, is called the p-adic content of T' and denote by ¢(T'). If T' corresponds to the
binary cubic g, then the p-adic content of T' is the largest integer ¢ so that p~¢g has coefficients
in Z,. Let z = (: g) € GL(2,Qp). Recall that we denote T'(x) as the Zjy-module spanned by
{1, 6w — B0, —yw + b}, where {1,w, 0} is the good basis of the fixed maximal order.

Corollary 6.2. We have
Ao(\, h) = char (X € Zy, T(A\™'h) is a ring) = char </\ €Zy\| pC(T(h))> .

Proof. This follows from Lemma 6.1 by an application of the results of Section 4. The condition

T(h))

A € Zj corresponds to the first bullet point while the condition A | p<l corresponds to the last

three bullet points in Lemma 6.1. ]
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Note that the characteristic function in the statement of Corollary 6.2 is the same characteristic
function as described in [14, p. 21] for p > 5.

We now introduce some notation that will be used in the proof of Lemma 6.1. Recall that © is
the split model of the integral octonions with Z-basis {e1, €2, €1, €2, €3, €], €5, e5}. For a;; and 74 in
a ring R, we define

{ai, 00,03}, == 161 ANep — azea A er + ages A ez,
{a1,a0,a3}e, = a1€1 A ea — aoea A ea + azes Ael,
{a1, a2, a3}e, = a1€1 A eg — agea A eg + aze] A e,
and
{7172, 13} er 1= 1261 A€l — 162 A€l +y3e2 A es,
{7172, v3}ey 1= 261 A€z — €2 Aey + y3e3 Aex,
{7172, 3 ez 1= 261 A€y — 12 Aes + yzer Aeg

as elements of /\%@0 ® R. This notation is useful because one has

[{o, a2, a3}e, {B1, B2, B3}es] = {anfs + asfa, asfi + a1 B3, 1Pz + azfi e
and
{71, 72,73} er, {01, 02, 83 }ez | = {7203 + 7382, 7361 + 7103, 7102 + 7201 }es-
We also obtain
[{0417042»043}@7 {71,72,’73}e§] = (o171 + a2y2 + azy3)er Aes,
[{on, ag, a3}e;, {B1, B2, B3}e;] = 0.

For our later use, we record the following formulas. From the formulas in Section 2.5, we find that
under the action of m = (‘CL 2) € GLy ~ M, we have

(6.1)

2ei Ner+eaNepr —es Nes—>a(2e Nep+eaNep —ey Nes) +c(2ea Nes + €1 Aes+e1 Aea),
and
2e; Nes+eaNes—er Nea—>b(eg ANep+2ea Nep+esNes)+d(2e1 Nej+eaNes —er ANea).

In other words,

{2,—-1,—1}¢, = a{2,—-1,—1}¢, +c{-2,1, 1}63,
and

{-1,2, —1}63 — b{1,—2,1}¢, +d{—1,2, —1}63.

Now, recall that
VE = €1 A (61 + 6;) =€ Nep+er N 6; = {1,0,0}61 + {0, 1,0}63.
We thus have
Vg = {17070}61 + {07 170}e§

(6.2) 1 1
=3 ({1,1,1}e, +{1,1,1}¢z) + 3 ({2, -1, —1}e, +{-1,2,-1}¢:) .
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The terms in the first set of parentheses are in the Lie algebra go, and correspond to the cubic
2%y 4+ xy? in the sense that was described in the first paragraph of [14, p. 18].
For m € M ~ GLs, we can now compute mvg. Write m = (‘CL 3). Also, let fo(w,2) = w?z+w2?,
and
m - folw, z) = det(m) L fo((w, 2)m) = aw® + fw’z + ywz? + 523

We recall the following notations from Section 4.1 in [14].

o Flig=—e1 A 6;
v = {1,1,1}61
63 - {17 ]-a 1}e§

o Fo3 = —eo A 6§.

By using this notation and (6.2), we obtain
— 1 1
mug = (aE12 + 55?)1 + 3753 + 5E23>

1
+ g (a{2’ -1, _1}61 + C{—2, L, 1}8§ + b{l, -2, 1}61 + d{_1727 _1}e§) .

Finally, we need to present one piece of calculation before the proof of Lemma 6.1. Suppose that
X = ui1 F1s + ugvy + ugds + ugLa3 is in the Lie algebra of N, that is, the unipotent radical of the
Heisenberg parabolic of Ga. We need to compute [X,vg|. By (6.1),

[X7 'l/)\é] - [UQUI + U353, T/J\E] - [UQ{l, 17 1}61 + u3{17 17 1}637 {17 07 0}61 + {07 17 0}63]
= u2[{17 17 1}617 {Oa 17 0}6§] - U3[{1, Oa 0}617 {1a 17 l}eg]

= (ug —ug)er A es.

We are now in a position to compute @, (¢, h).

Proof of Lemma 6.1. Set A = det(h)/t and n = exp(X). From the computations above, we obtain

n_llTE/ =vp + (u2 — uz) E1s.

3

Then

th™n 05 = th™'05 + tdet(h) " (ug — ug) Bz = A~ det(h) (A1 - 05) + -2 ; U B,
Now, bt = det(h)~! (4, ?). Thus

th™'n~tog = <a1E12 + @111 + %53 + 51E23> p - Eq3

1
+ A—lg (d{2, =1, =1}¢; — e{=2,1,1}x — b{1,=2,1}c, +a{—1,2,—1}.:) .
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We will use this expression to verify the result. Indeed, by rewriting it, we obtain

— Uugs — U
thilnfl’l)E = a1 F12 + 61 E23 + 2 3E13

1
+A71d{1,0,0}¢, + A710{0,1,0},, + 3 (B - A ld = 2 {1, 1,1},

1 _ _
+301—A fe—Aa){1,1, 1}

Observe that in order for the integral over N»*\N in (3.5) to be nonzero, we must have \ € Z,,.

+A7"e{1,0,0}e; + A "a{0,1,0};

Moreover, the resulting integral is |A| times the characteristic function of the quantities

® (, 01 € Zp,

e M la, A A le AT € 7y,

1 1

« S5 - Ald — A1), s(n - A le—2"ta) € Z,,.
The result follows. U
6.2. The local unramified computations. Recall that T'(z) is the Z,-module spanned by {1, dw —
B0, —yw 4+ af} as in Section 6.1. For ease of notation, we set

c(z) =c(T(x)) for x € GL2(Qp).

For an element h € GL(2,Q,), let [h] denote the coset h GL(2,Z,). Whether or not T'(x) is
closed under multiplication is independent of the element x € hGL(2,Z,). Recall the integral
I,(s) = I,(L;s) in (3.4). By using the exact same calculations as in [14, p. 22], we notice that

I(s+1) ZL (hv)| det(h)|~2zval(det(h)—c(h) (1 - zc(h)H) char(c(h) > 0)
(1]
We define
Py(z) = val(det(h))—c(h) (1 — zc(h)H) char(c(h) > 0),
and write
L(s+1) = Zth|det ) 72P(2)
(1]

To evaluate of I,(s) in terms of L-functions, we must apply M (mp, s) to Ip(s+1) (see [14, Section
5.4, 5.8]). The computations follow line-by-line just as in loc cit. To demonstrate that the proofs
from [14] hold for p = 2,3, we fill in various details that were omitted in that paper.

Suppose h = p®hg, with fo = fimax - ho integral and not divisible by p, so that the content of h is
¢, so ¢(h) = c¢. We begin by explaining the proof of the following lemma, which is a restatement of
Lemma 5.10 in [14].

Lemma 6.3. Suppose f = p°fo, with fo in each of the cases enumerated below. Denote by Ay the
rank two O-lattice corresponding to f. Depending on some cases, the content ¢(A') of the index p
sublattices A" of Ay can be described as follows.

(1) If fo irreducible mod p, then there are (p+ 1) sublattices A’ each of which have index p and

satisfy ¢(A') = ¢ —1.
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(2) If fo = Lg where € is a line and g is irreducible modulo p, then there is one sublattice ' = Ay
with ¢(Ag) = ¢ while the other p sublattices satisfy ¢(A') = ¢ — 1.

(3) If fo = l1€2ls where the ¢; are distinct lines modulo p, then there are three sublattices given
by N = Ay, fori=1,2,3, and each satisfy c(Ay,) = ¢, while for other (p—2) sublattices A,
we have ¢(N') = ¢ — 1.

(4) If fo = 30y where (1,0l are distinct lines modulo p, then there is one sublattice N = Ay,
with ¢(Ag,) = ¢+ 1, another sublattice ' = Ay, that has ¢(Ay,) = ¢ while the other (p — 1)
sublattices A’ all satisfy ¢(A') =c — 1.

(5) If fo = ol where ¢ is a line modulo p and o € (O/p)*, then there is one sublattice A' = A,
with ¢(Ag,) = ¢+ 2 while the other p sublattices ' all satisfy c(A') = ¢ — 1.

Proof. First we claim that fy factors into linear factors over an unramified field extension L of
Qp. To see this, let Ty be the cubic ring corresponding to fp. Then by assumption, Tp ® Q, is
an unramified extension of Q. It follows that for some unramified field extension L/Q,, one has
To® L ~ L x L x L. The binary cubic corresponding to the right-hand side is split, say zy(z + y).
The association between binary cubics and cubic rings is clearly compatible with base change, so
it follows that fy factors over L.

Let O denote the ring of integers in L. By Gauss’s Lemma, we conclude that fy factors into
linear factors over Op, say fo = ¢1 - {5 - 3. By using this factorization of fy and the fact that p is a
uniformizer in O, the lemma follows without much difficulty.

Suppose that we are in the final case, so fy = af? modulo p. Without loss of generality, assume
¢ = z. Then by the factorization of fy given above, we can write fo(w,z) = B} 6505 with § € OFf
and (] = (4 = (5 =  modulo p. It follows that %fo(p(w, z)) has content 2, showing that one of the
(¢ + 1) sublattices has content 2.

The rest of the proof proceeds similarly. O

Next, we explain some of the aspects of the proof that were omitted in the explanations after
Lemma 5.10 in [14]. In loc cit, we have

Pp(2) = 2V7¢(1 — 2T char(c(h) > 0).
as we set v = and ¢ = ¢(h). Define
T(p) = GL2(0)(2 ) GL2(0)
and
T(p™") = GLa(0)(7," 9) GLy(0).
From Section 5.7 in [14], we recall the function
Mh(z) = p2Php(Z) + Phpﬂ(z) + (]\f(fm,M . h) — 1)Ph(2) +pPh*7(p)(Z) + Ph*g-(p71)(z).

Also recall that for a Hecke operator Y on GLy with coset decomposition Y = . a;[y; GL2(0)],
we have Phyy(2) = ), aiPhy,. Note that hy; and hp are simply scalar multiples of the matrix h.
Moreover, we define

Bo(z) =1+ (p+ 1)z 4+ pz2 4+ (p® + p)2° + p22*.
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In [14], the purpose of the discussion below Lemma 5.10 is to prove the following result, which is
restatement of Lemma 5.12 of loc cit.

Lemma 6.4. Let the notations be as above. Then
(14 pz) 'L(E,s) (Bo(z)Pu(z) — 22 M}, (2)) = char (val(h)) = c(h)) 2"7°(1 + N(fmax) — €(ho)2).

We first elaborate on the evaluation of By(2) P, (z) — 22Mj,(2) in case c(h) > 2, which is the case

explained in loc cit. Let
g(2) = p?2V (1 — 2F2) 4 2V (1 — 29) 4 p2¥ (1 — 2¢Th).

Then, when ¢ > 2, the first three terms in the above expression for Mj(z) give g(z). The point
is that when A is changed, v and ¢ change, as these depend on h. One has v(hp) = v(h) + 2 and
c(hp) = c¢(h) + 1. Thus Pypy(z) = 2" ¢T1(1 — 2°72). Similarly, Py,-1(z) = 2V~ }(1 — 2¢), because
v(hp~!) = v(h)—2 and c(hp~!) = c¢(h)—1. Finally, because ¢ > 1, we have N = N(fmax-h) = p+1,
5o (N — 1)Py(2) = pz"=¢(1 — z¢t1). Putting these computations together gives

pQPhp(z) + Ppp-1(2) + (N = 1)Pu(2) = g(2).

The terms in Mp(z) with the Hecke operators are computed using Lemma 6.3. For example,
when fo is irreducible modulo p, we have v(hg;) = v(h)+1 and ¢(hg;) = c¢(h)—1 using Lemma 5.10.
Here g; are the coset representatives for the Hecke operator T(p). Then, in this case, Py.q(p)(2) =
(p+ 1)2°7¢T2(1 — 2¢). Similarly,

Pragp-1)(2) = (p+1)2" 7 (1 = 27,
Combining the above expressions gives the expression for M}, (z) at the bottom of [14, p. 27].

Remark. There is a typo on page 27 in [14]. In the case fy = af3, the term z°~“T2(1 — 2¢*2) should
instead say zY7¢72(1 — z¢+2),

We now claim that the cases where ¢ = 1 in fact do not need to be considered separately from
those where ¢ > 2. Indeed, this is because the terms that vanish because of the char(c(h) > 0) in
case ¢ = 1 all have a (1 — 2¢71) in them, and so vanish anyway.

We now explain the calculation of By(z)Py,(z) — 22 Mj(z) in the case ¢ = 0. First note that, in
the case ¢ = 0,

0 if ¢e=0 and fy is irreducible modulo p,
1 if ¢c=0 and fo=/Ip,
N =N(fmax-h) =123 if c=0 and fy= {1203,
2 if c=0 and fy= {3,
1 if c=0 and fy= als.

\
From this expression for N, one computes M} (z) in case ¢ = 0 as follows.

(1) Let fo be irreducible modulo p. In this case, we necessarily have h = 1 and Mj,(z) = p?z(1—

22) + (=1)(1 — 2). Also, Py(2z) = 1 — z and then By(2)Py(2) — 22My(2) = (1 + q2)(1 — 23).
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(2) Let fo =g (mod p). We have Mp,(z) = p?2°TH(1 — 22) + 2°(1 — 2) + pz**1(1 — 2) and thus
Bo(2)Palz) — 22Mi(2) = 2*(1 + p2)(1 — 2).
(3) Let fo = f142f3 (mod p). We have My (z) = p?2Ut1(1 — 22) 4+ 22¥(1 — 2) + 3pz*TH(1 — 2)
and then By(2)Py(2) — 22Mp(z) = 2°(1 + p2)(1 — 2)%(1 + 22).
(4) Let fo = £205 (mod p). Then Mp,(2) = p?2T1(1 — 22) + 2°(1 — 2) + p2 (1 — 2) + p2¥(1 —
22) 4 271 (1 = 2) and By(2)Py(2) — 22Mp,(2) = 2°(1 + pz)(1 — 2)(1 — 22).
(5) Let fo = a3 (mod p). Then My,(z) = p?2°T1(1 — 22) + pz?~1(1 — 23) + 272(1 — 22) and
Bo(2)Pu(2) — 22My(z) = 0.
Now, for By(2)Py(z) — 22Mj(2), we find the same expression as the one on the top of page 28 in
loc cit except with ¢ = 0. Hence we obtain Lemma 6.4. This and the relationship

(Bo(z) ~ p=TI(s +1) = (Z ()] des(m)(Ba(2)Po(2) — 0 (2) )

completes our evaluation of I(s).

7. THE EISENSTEIN SERIES

We repeat the definition of the normalized Eisenstein series in (3.1).

Is+¢—1I'(s+0—2)
I(s—1)I'(s—2)

The purpose of this section is to prove the following theorem.

E}(g,8) = A(s — 1)2A(s)A(25 — 4) E(g,s).

Theorem 7.1. We have
E;(g,s) = Eg(gv 5-s).

This theorem is an immediate consequence of Langlands’ functional equation, with the difficulty
being the computation of the appropriate intertwining operator of the section fy(g,s). We remark
that Segal [17] has studied the poles of this and related Eisenstein series in a right half-plane.

Consider the diagonal maximal T" of G’ consisting of the elements
t = diag (t1,ta, s, ta, ty 15 Lt ).

For1 <j <4, let r;- denote the characters of 7" that takes the element ¢ to t;. We fix a maximal T’
of G that maps to 7" under the map G — G’, and write r; for the restriction of 7 to 7. We label
the Dynkin diagram of G by roots a1 =11 — 19,0 = 73+ 74,3 =173 — 14,04 = 9 — r3. Then ay
is the central vertex of the diagram.

We abuse notation and also denote the restriction to T of the character ¢t — |t;| of TV by r;.
Then the inducing character for our Eisenstein series is |v|* = s(r; + r2). This is in Ind% (51/ 2)\5)
with 5}3/2 =3r1+2ry+rgand As = (s — 3)r1 + (s — 2)ry — 3.

Let N be the unipotent radical of the Heisenberg parabolic, so that the roots in N are r; —
3,71 — T4,71 + 74,71 + 73,70 — 13,70 — 14,72 + T4,72 + 73,71 + 79. The long intertwiner for N is

w = [412343214] = [412434214]. Here the notation [ijk] means that one performs a reflection in the
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roots 4, j, k from right to left. To see that this expression for w as a product of simple reflections is
correct, one checks that this w makes the roots in N negative, and that it has length 9.
Now, we set

M(w,s)fi(g,s) = /N(A) fo(w™tng, s) dn.

If the real part of s is sufficiently large, then this integral converges and has a meromorphic con-

tinuation in s. We will prove the following result on the integral.

Proposition 7.2. We have
M(’LU, S)f@(ga 3) = C@(S)fé(g, 5 — 8)7
where
_ A(s—3)%A(s —4)A(2s — 5) I(s—2)'(s=3)'(s—2)T'(s—1)
) = N 1)2PA(s)A(2s —4) T(s—(—3)T(s —{ —2)T(s + {— )T (s £ 1= 3)

Proof of Theorem 7.1. We note the identity

I'(s —2)'(s —3) T4 —-s+0I'(3—s+1)
I(s—(—-2[(s—¢—-3)  T(4-sT(3-s)
The result then follows from Proposition 7.2, Definition (3.1) and Langlands’ functional equation.

0

For the rest of this section, we focus on proving Proposition 7.2. We first introduce some notation.
Let x,y be indeterminates, s be a complex parameter, and ¢ be a fixed positive even integer. Also,
set

fr=x2+y and f_=z—y.
We have
Span ({22 "2y 4 2%72720 .0 < j < ¢/2})
0 oi 9 v .
= Span ({ /3 f2 + [P 27710 < j < £/2}) = Veven,
say. We think of Viyen as sitting inside the space Vy = Sym?¢ (C?) (see Section 3.1). We will define
a few operators on the space Veyen. For a nonnegative integer k and z € C, let
Zk=z(z+1)(z+2)---(z4+k—-1).

This is the so-called Pochhammer symbol.
For a complex number s, we define [s;z,y] as the diagonal operator on Viyen given by
e . . 1%) L _ il e . .
xze—zjym + $2jy2€—2j . 27 (x2€—2jy2j + x23y2€—2])
(T) £j
for each 0 < j < ¢/2. Similarly, we define [s; f4, f—] as the diagonal operator on Veyen that is given
by

v

20-25 (25 25 £20—2j 2 /15—l 20-2j5 ;25 2j (20—2j
e ) e — 2 (f+ 1§24 f g ])

for each 0 < j < ¢/2.



Proof of Proposition 7.2. In our computation of the image of f;(g,s) under the intertwining op-
erator M (w, s), we will use the so-called cocycle property which was given in Theorem 4.2.2 in
[18]. This theorem implies that M (w,s) can be viewed as a composition of intertwiners that are
associated to simple reflections.

To apply the cocycle property, we record how the simple reflections in the product w = [412434214]
move the character A\ = (s—3)r;+(s—2)ra+(—1)rs around, and how the associated one-dimensional

intertwining operators act on the inducing section fy(g, s). This is provided in the table below.

TABLE 1. Intertwining operators

Simple reflection Intertwiner New character
4] A(;(;)D[S—l;f—i-af—] (s = 3)r1 + (—D)rg + (s — 2)r3
[1] M[S—Q;l}y] (_1)r1+(3_3)r2+(8—2)r3
? m[s =2Ziz,yl | (D)ri+ (s = 3)ra+ (2 - s)ry
[4] H[S—&f—iﬂf—] (—1)7’1+(3_3)r3+(2_8)r4
? m[% = 5@yl | (Dr+ (2= s)rs + (5 = 3)ra
[4] m[5—2;f+7f—] (—1)r1 + (2 — 8)ra + (s — 3)ra
2] M[S =32,y | (=Dr1+(2—5s)re + (3 —8)r3
1] M[s —3z,yl | (2—8)r1+ (=Dro+ (3—9)rs
[4] M[S_Zl;eraf] (2—5)r1 +(3—S)T‘2+(—1)7~3

The notation in this table has the following meaning, as we explain by an example. Set
No=(s=3)r1 + (=1)rg + (s — 2)r3.

When we apply the intertwining operator associated to the reflection [4] to the inducing section
fe(g,s), we obtain the unique K y-spherical, K.-equivariant element of Ind(5]13/ 2)\’8), whose value at
g=11is
A(s —1) ¢,
——s—1; _ .
A(S) [S 7f+7f ](Z’y)
Denote the resulting inducing section by f;(g, s), and set

M= (=1)ry + (s = 3)ra + (s — 2)r3.
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Then, if we apply the intertwining operator associated to the reflection [1] to f;(g,s), then we

obtain the unique Kj-spherical, K.-equivariant element of Ind(éjlg/ 2)\;’ ), whose value at g = 1 is

<A(s—2) A(s—1)
A(s—1) A(s)

Note that the terms in Table 1 that are in the form of ratios of A-values follow from a formula of

s— 22,90 s f f_]) ().

Gindikin and Karpelevich, while the terms such as [s — 1; f1, f_] and [s — 2;z,y] arise due to the
fact that our inducing section is not spherical at the archimedean place. We postpone providing a
complete justification of the operators in Table 1 until the next section. Granted this, the A-values
multiply to
A(s —3)2A(s — 4)A(25 — 5)
A(s —1)2A(s)A(2s — 4)
(see also Table 12 in [17]). The other terms give the polynomial intertwiner

Mpoly(s) :[5_4; f—i—af—] © [S _3;337:[/}20 [3_2;f+7f—] © [28— 5;x,y]
© [S_B;f-l-’f—] ° [8—2;$,y]20 [S— 1;f+7f—]‘

The proposition now follows from the following proposition.

(7.1)

Proposition 7.3. Let M1y (s) be as in (7.1). We have
Mpoly(s)xeye = Cpolyf(s)xeyev

where
(s—3)(s—4)%(s =52 (s—€—2)%(s—£—3)
Cpotv-t(8) = 9 5 (=325 1 (= (s —12(s -9
B I'(s—2)'(s—=3)'(s—2)'(s —1)
I'(s=0=3)T'(s—0—2)(s+¢—1DI'(s+0—-2)

In other words, the above proposition proves that =y’ is an eigenvector for the operator Mpoly ()

with the eigenvalue cpoly ¢(s). This proposition will be proved in Section 7.2.

7.1. The root intertwiners. The purpose of this section is to explain the presence of the terms that
appear in the “Intertwiner” column of Table 1. We require the following lemma.

Lemma 7.4. Let B denote the upper-triangular Borel of SLa. For 0 € R, set kg = (g?;g _Cgisnae).
Suppose that fsi, j(g,s) is the section in IndSBIEfR()R)(ég/zégQ) that satisfies

fsi.j(gko, s) = €7 fsi, (g, 5)
for all g € SLa(R) and kg € SO(2) as above. Then

0 —1\/1 z L Te(s) L
/RfSLQ’j<<1 0 )(o 1)g’s>dm_ZjFR(s—j—k1)FR(s+j+1)fSL2’](g’ -

If j is even, then this becomes

1os)
/RfSLg,j<( (1) _01 )( (1] 916 )g,s> dr = Fuj(i(jr)l) Elj_S;'j/Q'fSLg,j(ga —5).

2 75/2
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Proof. The proof is standard. To give some details anyway, we consider the case g = 1. Note that
(0 _1) (1 I) B (1 —x(rQ—i-l)_l) ((12+1)*1/2 0 ) (x(x2+1)71/2 7(x2+1)71/2)
10 0177 \o 1 0 (z24+1)1/2 (2241)"1/2 g(x2+41)-Y2 )

From this, we obtain

A 0 —1 1 X i 9 _(5+1)/2 X +Z J
/RfSLM<< Lo >(0 ) ),s)dx—/R(:U +1) 7(3;2_’_1)1/2 dz
_ / (24 8) =D/ _ y=(Hi+D/2 gy
R

This last integral is evaluated in [11, p. 279], which gives

iol—s I'(s) — Lc(s)

PP Ta(s —j + Dlr(s +j +1)°

Note that when j is even,

F(C(s) _ FR(S)FR(S + 1)
FR(S — ] + 1)FR(S —|‘] + 1) FR(S — j + 1)FR(S +] + 1)
_ F]R(S) FR(S + I)FR(S + 1)
Tr(s+1)Tr(s —j + DIr(s +j + 1)’

and

FR(S + 1)FR(8 + 1)

FR(S —j + 1)FR(5 —|—j + 1)
s+1—|j] s
_ [((s+1)/2)? _ ( 7 >|j/2| _ (_1)j/2(17>\j/2|
MG+ VRT3 +0/2) (5D, (5, o

The result then follows. ]

Before applying the above lemma, we note the following calculations. For each positive root «,
let o : SLe — G be the root SLs, determined by a pinning of G. This pinning is assumed to be
compatible with the Cartan involutions, i.e., 8(a(g9)) = @a(tg™!). On the Lie algebra level, the
root sly’s give rise to the elements dy,, ((91 é)) in the Lie algebra of G. We list these elements

now.
oa1:7’1—T2,b1/\b_g+b_1/\bg:ul/\uQ—u_l/\u_g:—%(h++h/++h7+h'7)
0042:7“3—1—7"4,[)3/\()4—1—1)_3/\()_4:’1)1/\1)2-1—1]_1/\1)_2:—%(h+—h/+—h_+h/_)
= = - i + I+ — 1—
0043—7“3f7”4,b3/\b,4+b,3/\b4—Ul/\’l)gfi}fl/\’l)72—*ﬁ(h —hT+hT—=h"7)
.O[4:TQ—rg,bZ/\b_3+b_2/\b3:UQ/\'Ul—U_Q/\'U_l:—%(—H+—Hl++H7+HI7)
where H* = ¢’ 4 f* for ? € {4, '+, —, '"—}.

By combining these calculations with Lemma 7.4, we arrive at the following proposition. Let
w; € N(T)oN(KfK) be the simple reflection in the Weyl group that corresponds to the simple root

aj. The proposition computes the rank one intertwining operator associated to w; on the inducing
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sections that arise in Table 1. In the proposition, the group U,; is the unipotent subgroup of G

that corresponds to the simple root «;.

Proposition 7.5. Suppose that A\ = ayr1 + aore + asrs + ayry is an unramified character of T'(A).

Let f € IndGEA;(é}B/Q)\) be Vy-valued such that f is K-equivariant, K ¢-invariant, and f(1) € Veven.

Set s = (ozj , \), where o is the coroot associated to «j. If s > 1, then the integral

M(w;)f(g) = /U eCars

is absolutely convergent. Moreover, the value M(wj)f(g) is the unique V-valued, K -equivariant,

K ¢-invariant element of IndBEAg(élﬂwj()\)), and its value at g =1 is

A(f—i)l)[”’y]f(l) if j=1,2,3,
M (w;) f(1) = AGs) n
Tl fe ) i =

Proof. The proof is standard except the computation of the value of M(w;)f(g) at ¢ = 1. We
explain the case j = 1 as the other cases are similar. To evaluate M (w;)f(1), we use a pinning of
G to pull back the calculation to SLy. Thus, we assume that ¢, : SLy — G is compatible with the

integral structures, the Cartan involution, and that it satisfies the properties

0 1 1 =%
@1( . ()) =w; and @1( 0 ]7> =U,,.

We can also assume that

0 1
d(p1< ):bl/\b_z-f—b_l/\bz.
-1 0
Then we have
0 1 1 =z
mnfw = [ (e % 0)(, 1))
wor = [ 1(a( )0,
The function f o ¢y on SLs is an element of the induction space corresponding to (5](;“)/ 2, as in
Lemma 7.4. The integrals over the finite places give C(Cs(i)l)’ as standard. The computation of the
integral over R follows from the fact that d(pl(( 0 (1))) acts on £2~%y% the same way as —%h;,
which acts by —i(¢ — 2j). The result thus follows from Lemma 7.4. O

The above proposition yields the intertwining operators that appear in Table 1.

7.2. The polynomial intertwiner. The purpose of this section is to prove Proposition 7.3, from

which Proposition 7.2 follows. The proof of Proposition 7.3 requires the following two lemmas.
Lemma 7.6. Let u,v be variables and w be a complex parameter. Also, put

Fu(u,v) = (1 —2u — 20+ (u—v)*) Y.
Then

Fy(u,v) = (1 —2u—2v+ (u—v)?) Zp%
7,k>0

'k"
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where _ .
FRw+j+k)(w+j+k+1/2)0(w+1/2)

Tw)l(w + k+ 1/2)C(w +j + 1/2)

pjk(w) =

Proof. First, note that the p;i(w) are polynomials in w. To see this, one uses the functional
equation for the Gamma function, that is, I'(s + 1) = sI'(s). Now, if the polynomials p;(w) are
indeed the Taylor coefficients of Fy,(u,v), then these polynomials must satisfy the expression
pik(w —1) =pjp(w) = 2jpj—1,k(w) = 2kpjp—1(w) + j(j — 1)pj—2.k(w)
= 2jkpj—1k-1(w) + k(k — 1)pj p—2(w).

This relationship comes from comparing both sides of the identity

u]v
vk| - Zpﬂk e

(7.2)

(1 —2u — 2v 4 u* — 2uv 4 v?) Zp]k

Now, we have two claims:

(i) One can verify (7.2) directly.
(ii) Combined with the fact that the p;;(w) are polynomials, (7.2) implies the lemma.
For the proof of the first claim, we again use the functional equation I'(s + 1) = sI'(s) and relate
the polynomials p; ;(w) to p;r(w — 1). For example, we obtain
(w) = Qu—=24+7+k)QQu—-14+j+k)(w+j+k—-1/2)(w—1/2) o
Pk Quw—2)(2w—)(w+j — 1/2)(w+k—1/2) Pik

One can obtain similar expressions relating p;_1 x(w),pj—14—1(w),... to pjr(w — 1). Thus the

w —1).

identity in (7.2) becomes an identity for rational functions of w, j, k, which one can then verify
directly.

For the proof of the second claim, note that the Taylor coefficients of F,,(u,v) are necessarily
polynomials in w. Thus, to see that they are equal to p; ;(w), it suffices to check that they are equal
at infinitely many integers. But (7.2) allows one to induct, and thus verify the Taylor expansion of
Fy(u,v) for all negative integers w.

This completes the proof of the lemma. ([l

Lemma 7.7. Let fr =x+y and f- = x —y as before. Then we have
(i) (1s = iglo s fr £1) () = S gt gt
(id) ([s = L; fi, f-) o [ss,y]) (FLFE) = 2°¢ (s)a"y,

where we set
(s=O)(s—L+2)---(s—4)(s—2)

d(s) = (s+1)(s+3)---(s+L—3)(s+£—-1)

Proof. Part (ii) follows from part (i) by switching the roles of z,y with fi, f_. We now prove part
(i). Note that z = f++f and y = f* , s0 dzy = f2 — f2. Thus

0 20—25 p2j5
ZE f Jf_]

(7.3) Z

-yl
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Also, observe that

T2 — =T (52 + (L —))
(7.4) =(-1)z7/ (2 2 Jz (2 3 ])'

Let w = 1=5=£. Then by combining (7.3) and (7.4), we obtain

T(w)? Z T(w+ ¢ — )T (w+ ) f22 %

L xy
(=1)z 4 [s; fo, f-] = (w+€/22 I'(w)? 0=yt

2
We sum % times the right-hand side over non-negative even integers ¢ and use the identity

I(w+ k) 2" —w
Z(F(w))k!:(l_z) )

k>0
to find that
w 2 w 2
Péﬁ}ﬁya—fbﬂwraﬁrw:@ﬂﬂgwgr—mﬁ+y%+@¥—fﬁrw
I'(w) x%
- W 2 il '!}Z! '

§,k>0
In the first equality, we used the relations f,f_ = 2> — y? and f? Y+ f? =2(2% +y?). The second
equality follows from Lemma 7.6.
Note that if j + k = £, then

P(w+j+)Pwtk+3)
1. 2k 2] — (_1\¢/2+k 2 2 2k 2]

Then
xf V4
(s = viwadolsifi ) ()
_ F(w+j—|—1/2)F(w+k+ 1/2) x27y2k
B w+€/22 kzm Vpja(w D(w+ (£+1)/2)2 Glk!l
]+k £
By Lemma 7.6,
‘ Dw+j+1/2)T(w+k+1/2) TQw+OI(w+L+1/2)0(w +1/2)
Pik(w) T(w+ ((+1)/2)?2 - T2w)l(w + (£ + 1)/2)?

Then

. . 2y | T(w)*T 2w+ O (w+ £+ 1/2)T(w + 1/2) (22 —12)*
4Z([3_1’x’y]°[s’f+’f])< ! )‘ T(w + £/2)2T(w + (£ + 1)/2)2T (2w) o0

Here, 22 —y? = f, f_. Thus, rewriting the above equation in terms of s gives the statement in the

lemma. Indeed, the product of the gamma functions can be written as

2w+ Tw+(+1/2) Tw+1/2)  T(w)?
T2w) T(w+ ((+1)/2) Tw+ (+1)/2) T(w+/2)2
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where each of these individual ratio of gamma functions is a rational function of w. We find that

this rational function equals
RQu4l+1)2w+L+3)---2w+20—-1) i(s=0(s—0+2)---(s—6)(s—4)(s—2)

2w)(2w +2)2w+4) - Qw+£—-2) (s+1)(s+3)---(s+£—-3)(s+¢—1)

The above is 2°¢/(s). This completes the proof of part (i) and hence the lemma. O

Proof of Proposition 7.3. The proposition now follows easily from the factorization of M1y (s) in
(7.1) and Lemma 7.7. O

8. ARCHIMEDEAN ZETA INTEGRAL

In this section, we explicitly compute the archimedean integral that is part of the Rankin-Selberg
integral. Below, we use the symbol ~ to denote equality up to a nonzero constant that may or may
not depend on the weight ¢ of the modular form. Also, the constant that is implied by ~ may be
different at each occurrence of the symbol.

Recall that in Section 3.3 we defined

(8.1) I"(s;0) = 2°Tr(s — D)I'c(s + ¢ — D)I'c(s + £ — 2)1(s; ),
where

I(s;0) = / (Fe(109, ), W (9)} i dg.
NO-E(R)\G2(R)

Here W, is the generalized Whittaker function. This means that W, : G2(R) — V is a smooth
function of moderate growth which satisfies the condition

W, (ngk) = x(n)k~ - W,y (g) for all n € N(R), k € K and g € Ga(R),

and we have D, W, = 0 for the Schmid operator Dy (see [14, p. 10]). Also, the braces {, }x denote
the K-equivariant pairing on Vj that is unique up to a scalar multiple.
Our goal is to prove the following theorem.

Theorem 8.1. We have

I"(5;0) ~Tr(s — DI'c(s+ € —3)Tc(s+ £ —2)T'c(s + 2¢ — 3).

Note that by (8.1), it suffices to compute the integral I(s;¢). In Section 6 of [14], an expression
for this integral was found. To state that result, we define the function
w2 dV
(8.2) J'(s) = IQ(UE)\_S/ lq(v) [P~ o) :
. lq(v)]
Here, V* is the G La(R)-orbit that consists of the binary cubics that split over R and dV denotes the
Haar measure on V*. Note that V* is a subset of W, which is the space of binary cubic forms. Also,

vg = (0,3, 3,0) corresponds to the binary cubic %y + zy?, and ro(i) = (1, —4,—1,1) corresponds

to the binary cubic (x — iy)3. The quartic form ¢ and the symplectic pairing (, ) are as defined in
Section 2.4.

Our first step in computing I(s;¥) is proving the following result.
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Proposition 8.2. We have

T(s+20=3)T(s+L—-2)T((s+£—3)/2)* ,(s+{—2
I'((s+0)/2)T(s+¢—3)T((3s+30—7)/2) < 2 >

I(s;0) ~7

Proof. Let ' denote the archimedean part of the character ¢((vg, 7)), so that x/(n) = e2™{ve),
In the notation of [14], compared with the third displayed equation on page 30 of [14], we have
det -3 2wi(vg,n)
I(s;ﬁ):/ / | det(m)| e ;
GLy®) JNoEA\NYR) ||z (n, m)|[(5+0)

Here, we need to note that in loc cit, the function

{prr(z(n,m)), W, (m)} k dn dm.

I(s,®) = / (@ (g~ 55), Wy (9) } x dg
NOE(R)\GL1(R)xGa(R)

is used instead. The I'((s 4+ ¢)/2) in the expression for I(s, ®) in loc cit has disappeared here since
I(s;¢) is defined in terms of the flat section fy(70g, s) whereas I(s,®) in [14] was defined in terms
of a section that takes the value I'((s + ¢)/2) at g = 1.

Now, by following the same argument as in [14, p. 30], we obtain

| det(m)|*+* 22T N i3y 1o O
I(s5:0) ~ ilaP KV (2 dn dm.
() A@®MMAmmMMP+WW“m” %:j(ﬁ)|w o (2rlal) ) dndm

Using the change of variables 8 + (2)718 and m ~— (2712)"'m, as a depends on m, we find that

et(m)|sH—2¢i8 S .
0~ 2 [ | detim) 5 () s ta 5 tab | dn .

GLy(R)x (NOE\N)(®) (|a]? +|B]2) 5072 -

Consequently, I(s;¢) ~ (27)7°T'((s + ¢)/2)~'1(s, ®). The result now follows from the first part of
Theorem 6.2 in [14]. O

Remark. In [14], the factor |g(vg)|~® was mistakenly omitted in the first part of Theorem 6.2. It
should first appear in the fifth displayed equation on page 32, as |det(g)|> = |q(ve)|~|q(v)|, and
then be carried over to the expression for I(s, ®) in the first part of Theorem 6.2.

As our second step, we now prove
Proposition 8.3. Let J'(s) be as in (8.2). We have
_ I'(3s —1/2)
J'(s) ~ 275 (28) - —— 5.
() Q) TG 12
Proof. To compute J'(s), it suffices to integrate over those elements of V* which have nonzero
leading coefficients since the set of such elements of V* has co-measure zero. Such a binary cubic
can be written as
tw—r12)(w—rez)(w —r3z)
for t,r1,7r9,73 € R. To compute the integral J'(s), we make the variable change
e a=1%

e b= —t(?"l + 7o+ 7"3)
32



e c—= t(ﬁ?"g + rors + 7’37”1)
[ ] d = —tT‘1T2’I°3.

The Jacobian of this transformation equals

1 0 0 0
d(a,b,c,d) %1 t t t 3
—_— = = +t°(ry —r9)(re —r3)(rs — 1),
8(t, 1,792, 7“3) *9 t(TQ + 7‘3) t(T’l =+ T’3) t(T‘l + 7”2) ( ! 2)( 2 3)( 3 1)
*3 t?"27“3 t?“ﬂ”g t?”17"2

where x1, %9, *3 denote some real numbers. Note that we have

q(sz + wzQ)*lq(t(fw —r2)(w—rez)(w —1r32)) = t4(7'1 — T2)2(T2 — r3)2(r3 — r1)2.

By combining this with the change of variables, we obtain

d(a,b,c,d
J/(S) _/ t4sf467t2(1+r%)(1+r§)(1+r§) H Ir; — T,j’2s—28 t((l c,d) d(t, 1,72, 73)
t,r1,m2,73 1<i<j<3 ( y 1,72, ?”3)

_ _ 42 2 2 2 _
:/ phs—1 —t (I4+r7)(14735)(14713) H ‘7'2‘ _ T,j|2s 1 d(t, 1,79, 7,3)
t,r1,r2,r3 1<i<j<3

~T(2s) / 114+ 72721 + 727281 + 72 7% H Iri — 7 d(r1, 72, 73).
T1,72,73 1<i<j<3

The integral on the last line is a special case of the Selberg integral. From (1.19) in [3] with
a=L0f=2s,v=s—1/2and n = 3, it follows that

op(ge TT DU =1 = (24 5)(s = 1/2)0(1+ ( + D)(s — 1/2))
J/(s) ~ 270 (2 ]11) [(2s — j(s — 1/2))°T(s + 1/2)
6s I'3s —1/2
=276 r(zs)rgﬁl/é)g.

Proof of Theorem 8.1. It immediately follows from Proposition 8.3 that

s+ L—2 —3s— I
oy e st

By combining this with Proposition 8.2, we obtain
D(s+20—-3)(s+£—2)°T((s+£—3)/2)2

. -s /
10~ ) R 9N (s + L= D)2 (55 0)2)

Then by (8.1),
I"(s;4) = 2°Tr(s — 1)T'c(s + £ — DIc(s + £ — 2)I(s;0)
~ (Am) " T'r(s = 1)Ic(s + € — DIc(s+ £ —2)

I(s+20—-3)'(s+¢—2) T(s+l—2)T((s+¢—3)
T((s+£—-1)/2)T((s+0)/2)T(s+£—-3)'((s+¢—1)
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Further by using the duplication formula

P(22) = 22 2T ()r (2 4 1),

we find that
I"(s;0) ~Tr(s — )I'c(s+ £ —DIe(s + £ —2)
Te(s+20—3)c(s+ £ —2)Te(s+ £ —2)Tr(s + £ —3)?
Tr(s+£—1)Tr(s+¥¢) Tc(s+l—3)r(s+£¢—1)2
= FR(S — 1)Fc(s + 4 — 3)Fc(5 + 4 — Q)Fc(s + 20 — 3)
This completes the proof. O

9. PROOFS OF THE MAIN RESULTS

In this short section, we combine our result on the archimedean integral with our results on other

local integrals I,,(s) and complete the proofs of our main results.

Proof of Theorem 1.1. In Theorem 7.1, we proved that E;(g,s) = E;(g,5 — s). We will now show
that

(9.1) Ii(p, 8) ~ ap(Z*)A(T, Std, s — 2),

where ~ denotes equality up to a constant and

Ii(p,5) = {v(9), E¢ (9, 8)} K dg.

/Gz(@)\GQ(A)
as in Section 1.1. Note that

Ej(g,5) = 2%¢C(s = 1)*¢(2s — 4)Tr(s — \I'c(s + £ — D)I'c(s + £ — 2)E(g, Dy, 5).
where E(g, ®¢,s) is as defined in (3.2). Also by Theorem 8.1,
I"(s;0) ~Tr(s — DI'c(s+ £ —3)c(s+ £ —2)Tc(s+ 20— 3).

Taking into account the normalization of the Eisenstein series Ej (g, s), (9.1) follows directly from
Theorem 3.2 and Theorem 8.1 using the technique of “non-unique models”; also known as “new-way
(Eulerian) integral”, which is explained in [1], [10] and [12].

By combining (9.1) with the above functional equation of Ej(g, s), we complete the proof of the
theorem.

Proof of Corollary 1.2. This follows from Theorem 3.2 exactly as in Section 5.9 of [14]. O
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